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ABSTRACT 
1 Transverse magnetoresistance measurements have been made on oriented 
single crystals of thallium at 4.2°K and 1°K in magnetic fields up to 
20 KG. The effects of both periodic and aperiodic open orbits have been 
observed in the results. The open orbit directions can be explained in 
terms of the double-zone representation of the nearly free electron Fermi 
surface of thallium, if magnetic breakdown is assumed to occur over almost 
all of the hexagonal face of the third Brillouin zone in magnetic fields 
of 20 KG. 
Both longitudinal and transverse magnetoresistance measurements have 
been made on oriented single crystals of dysprosium and holmlum over a 
wide temperature range in magnetic fields up to 20 KG. These metals go 
progressively from paramagnetic to antiferromagnetic to ferromagnetic 
with decreasing temperature. The effects of the superzone planes associ­
ated with the periodicity of the magnetic ordering and the effects of the 
spin-wave scattering of the conduction electrons are evident in the 
results. 
1 
INTRODUCTION 
In the past few years, a great deal of experimental and theoretical 
work has been performed in an attençt to elucidate the electronic band 
structure of metals. A knowledge of the band structure is very important 
in understanding the electronic properties of a metal. The feature of 
the band structure which is of most interest in a metal is the Fermi 
surface which, in the independent particle model, is defined as the con­
stant energy surface in momentum space which bounds the occupied electronic 
states. Because of the Paul! exclusion principle, the electrons near the 
Fermi surface determine many of the electronic properties of a metal and, 
therefore, a detailed knowledge of the shape of the Fermi surface is 
required for an understanding of these properties. 
There are five principal experiments which give direct information 
about the shape of the Fermi surface. They have been described in re­
views by Pippard (1,2) and Ziman (3), and in a book edited by Harrison and 
Webb (4). These experiments are: 
1. de Haas-van Alphen effect which measures the extremal cross-
sectional areas of the Fermi surface, 
2. cyclotron resonance which measures effective masses on the Fermi 
surface, 
3. magnetoacoustic oscillations which determine extremal dimensions 
of the Fermi surface, 
4. anomalous skin effect which measures the curvature and the total 
surface area of the Fermi surface, and 
5. galvanomagnetic effects which determine general topological 
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features of the Fermi surface. 
The experimental observation of these effects requires low temperatures 
and high magnetic fields and sample purity. A thorough experimental 
investigation of all of the above effects is desirable for a complete 
understanding of the electronic structure of any metal. In addition, posi­
tron annihilation (5) provides a potentially powerful method of studying 
the electronic structure of metals and, in particular, the anisotrbpy of 
the Fermi surface. The advantages of this experiment are that it is not 
necessary to use high purity samples and low ten^eratures. 
Gold (6) used a nearly free electron model of the Fermi surface to 
explain the de Haas-van Alphen effect in lead. The success of this model 
was remarkable, particularly since the lattice potential is certainly not 
small. The reason for this success was proposed by Phillips and Kleinman 
I 
(7,8,9), who extended the work of Herring (10). Phillips and Kleinman 
showed that the effect of orthogonalizing the conduction electron wave 
functions to the core wave functions, which can be represented by a repul­
sive contribution to a pseudopotentlal, will cancel the core potential it­
self to a large extent. This cancellation makes the effective net 
potential considerably weaker than might at first be expected. Cancella­
tion within the core depends on the extent to which the core wave functions 
form a complete set, and the extent to which the core can be regarded as 
small. Thus, the nearly free electron model should not provide a good 
description of the Fermi surface for the transition metals. The rare 
earth metals have a core which is small compared to interatomic distances 
and, for these metals, the actual Fermi surface might be only a slight 
modification of the nearly free electron model. Orthogonallzed-plane-wave 
3 
calculations of some metals (e.g. 11, 12, 13) have been made and the re­
sults do Indeed Indicate that the conduction electrons can be considered 
as nearly free. Harrison (14) has proposed a simple geometrical con­
struction of the nearly free electron Fermi surface which only requires 
a knowledge of the crystal structure and the valence of the metal. This 
construction eliminates the necessity of remapping procedures to determine 
the shape of the Fermi surface. 
The nearly free electron model provides a good description of the 
Fermi surface of divalent metals with a hexagonal close-packed (hep) 
structure provided that the possible effects of spin-orbit splitting (15) 
are taken into account. This splitting removes the degeneracy associated 
with the -{pool} faces of the Brlllouin zone for a hep structure and 
necessitates the use of the single-zone, rather than the double-zone (16), 
in constructing the appropriate Fermi surface. Magnetic breakdown (17) 
of the spin-orbit energy gaps can restore the double-zone scheme. However, 
the effects on the free electron model of the single-zone or the double-
zone scheme are small for the divalent hep metals. 
For a trlvalent hep metal, the effects on the free electron model of 
the change from a double-zone to a single-zone scheme are much more marked. 
Before the start of this investigation, no experimental studies of these 
effects had been reported. Thallium is a trlvalent hep metal. It is 
available in high purity and has a high atomic number, so the effects of 
spin-orbit splitting should be quite large. The purpose of the first part 
of this investigation was to determine the topology of the Fermi surface 
of thallium from magnetoresistance measurements. 
While these magnetoresistance measurements were In progress, Rayne 
4 
(18) published some preliminary magnetoacoustlc measurements. Alekseevskll 
and Galdukov (19) reported extensive magne tore sis tance measurements which 
agreed with my results, but they were not able to Interpret the results 
In detail. Mackintosh et al. (20) showed that the results could be 
Interpreted in terms of the nearly free electron model. 
Extensive magnetoacoustlc measurements have now been published by 
Rayne (21), and recently, some preliminary de Haas-van Alphen measurements 
on thallium were reported by Priestley (22). 
There has been a considerable amount of experimental and theoretical 
work on the electrical, magnetic, and thermal properties of the heavy rare 
earth metals. However, no experimental observation of the shape of the 
Fermi surface in these metals has been reported to date. Some information 
about the shape of the Fermi surface could be obtained by positron annihil­
ation studies on single crystals. Use of the other experimental methods 
must await the availability of higher purity rare earth metals. 
The heavy rare earth metals are magnetically ordered below certain 
characteristic transition temperatures and this magnetic ordering is 
reflected in the electronic structure. Anomalous behavior has been noted 
in heat capacity, electrical resistivity, thermoelectric power, thermal 
expansion, and magnetic moment measurements at the magnetic transition 
temperatures. The magnetic ordering Introduces extra planes of energy 
discontinuity into the Brillouln zone structure (23) . These extra Bragg-
type (superzone) planes distort the Fermi surface and affect the physical 
properties of the rare earth metals anlsotropically. The electrical 
resistivities of the heavy rare earth metals dysprosium (24) and holmlum 
(25) have been measured, and the anisotropic effect of the superzone 
planes is evident at the Neel temperature. 
The excited states of the magnetically ordered systems can be 
described in terms of spin waves which cause deviations from the equilib­
rium spin arrangement at a particular temperature. An explanation of the 
low temperature behavior of the resistivity in terbium and dysprosium has 
been proposed in terms of energy gaps in the spin-wave spectrum (26). 
An applied magnetic field changes the magnetic ordering and thus the spin-
wave spectrum. A study of the magnetoreslstance effect can therefore 
give information about the effects of the spin-wave spectrum on the 
electrical resistivity and may give indirect Information about the shape 
of the Fermi surface. The purpose of the second part of this Investigation 
was to measure the magnetoreslstance effect In the rare earth metals 
dysprosium and holmlum in order to determine the effect of changes in 
magnetic ordering on the electronic structure and on the spin-wave 
spectrum. 
A summary of experimental results up to 1956j primarily on poly-
crystalline materials, has been given by Spedding et (27). 
Behrendt et £l. (28) have investigated the magnetic properties of 
dysprosium single crystals. Magnetization measurements from 1.4°K to 
300°K were reported. Magnetic anlsotropy between the basal plane and 
the < 0001 > direction was found to exist at all temperatures and below 
110°K, anlsotropy was observed in the basal plane. They reported a Neel 
temperature of 178.5°K and a Curie temperature of 85°K. 
Jew (24) has made magnetization and electrical resistivity measure­
ments from 4.2°K to 300°K on dysprosium single crystals. He reported a 
Neel temperature of 179.6°K and a Curie ten^erature of 88.4°K. Magnetlza-
6 
tlon measurements In the antlferromagnetic region showed a sharp Increase 
at the transition to ferromagnetic ordering. Resistivity measurements 
showed a discontinuity at the Curie temperature for the < 0001 > direction 
and a change in slope at the Neel temperature for the basal plane direc-
1 
tions. The resistivity in the < 0001 > direction decreased with increasing 
temperature around the Neel temperature. 
The specific heat from 15°K to 300°K for polycrystalline dysprosium 
has been measured by Griffel et (29). The specific heat showed two 
peaks, one at 83.5°K and the other at 174°K. 
Wilkinson et al. (30) have made neutron diffraction measurements on 
a dysprosium single crystal as a function of teiq>erature and magnetic 
field. A proposed schematic phase diagram for dysprosium single crystals, 
based on magnetization and neutron diffraction measurements, is shown in 
Fig. 12. 
Volkenshtein and Fedorov (31) have measured the temperature dependence 
of the Hall effect in polycrystalline dysprosium. A positive Hall voltage 
was observed in the ferromagnetic region and a negative Hall voltage in 
the antlferromagnetic region. 
Strandburg (25) has measured the electrical resistivity and the 
magnetization of holmium single crystals from 4.2°K to 300°K. Magnetiza­
tion measurements showed that magnetic anisotropy between the basal plane 
and the < 0001 > direction existed at all temperatures and that below 
80°K there was anisotropy in the basal plane. In the antlferromagnetic 
region, sharp increases of magnetization were observed at transitions to 
intermediate states before complete ferromagnetic ordering was achieved. 
Resistivity measurements in the basal plane directions showed a change in 
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slope at both the Curie and the Neel temperatures. The resistivity in the 
< 0001 > direction changed slope at the Curie temperature and decreased 
with increasing temperature around the Neel temperature. A Neel temper­
ature of 132°K and a Curie temperature of 20°K were reported. 
Specific heat measurements from 15°K to 300°K on polycrystalllne 
holmlum by Gerstein et al. (32) revealed two anomalous regions. A small 
peak occurred at 19.4°K and a much larger one occurred at 131.6°K. 
Koehler et al. (33) have made neutron diffraction measurements on 
holmlum single crystals as a function of temperature and magnetic field. 
The results of these measurements and magnetization measurements were 
combined to give the schematic phase diagram for holmlum single crystals 
shown in Fig. 13. i 
Belov and Nikltin (34) have made magnetoreslstance measurements on 
dysprosium and holmlum polycrystals from 60°K to 300°K. Isofleld plots 
of the magnetoreslstance as a function of temperature for dysprosium showed 
a negative magnetoreslstance effect with peaks around the ordering temper­
atures. A positive magnetoreslstance from 60°K to about 125°K, with a 
negative peak around the Neel temperature, was observed for holmlum. 
Maximum changes of resistivity with field were a few parts in 10^. 
The thermoelectric powers of dysprosium and holmlum single crystals 
have been measured from 7°K to 300°K by Sill and Legvold (35). For both 
metals, the thermoelectric power in the basal plane and the < 0001 > 
directions changed slope at the Neel tenperature. At the Curie tempera­
ture, the thermoelectric power of dysprosium in the basal plane and the 
< 0001 > directions changed dlscontinuously. For holmlum, the thermo­
electric power in the basal plane directions changed slope at the Curie 
8 
temperature. 
Legvold et (36) have made magnetostriction measurements on 
dysprosium and holmium single crystals from 4.2°K to 180°K. Maximum 
linear strains on the order of a few tenths of a per cent were reported. 
In the antlferromagnetic region. Isothermal measurements of the magneto­
striction as a function of magnetic field showed abrupt changes at the 
critical fields where the magnetic structure undergoes a transition. 
i 
9 
EXPERIMENTAL TECHNIQUES 
Preparation of Single Crystals 
Thallium is hep at room temperature, but undergoes a solid-solid 
phase transformation to a body-centered cubic (bcc) structure at 234°C. 
The bcc structure Is stable to the melting point which is 303°C (37). 
Single crystals of random orientation were prepared by a strain-anneal 
technique (38). High purity thallium (99.999+%), purchased from the 
American Smelting and Refining Company, was extruded into 2 mm diameter 
wires. Two inch lengths of the strained wires were then annealed in 
glycerol at 220°C, just below the transformation temperature, for a period 
of a few days. The resulting grain growth produced single crystals about 
2 cm long. 
It was necessary to adopt a technique used by Meyerhoff and Smith 
(39) to obtain single crystals oriented along the three principal crystal-
lographic directions of the hep structure. A small Bridgman furnace was 
used to cast a 3/8 inch diameter, 1.5 inch long ingot. The ingot was 
cast, at a pressure of approximately 10"^ torr. In a spectroscopically-
pure graphite crucible. A copper rod. Inserted in the bottom of the 
crucible, was cooled by tap water to produce a temperature gradient of 
25°C over the length of the ingot. Chrome1 vs. alumel thermocouples were 
positioned at the bottom and the top of the crucible to monitor the 
temperature. A schematic of the furnace and the crucible is shown in Fig. 
1. The Ingot was cooled at IQOC per hour from the melting point to 220°C. 
It was then annealed at this temperature for a period of a few days. 
Single crystals, 2 mm square by 10 mm long, were cut from the ingot by a 
10 
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Schematic diagram of apparatus for growth of thallium single 
crystals (not to scale) 
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Servomet spark erosion apparatus. Sanyles were prepared with axes along 
the < 2110 >, < 1010 >, and < 0001 > directions. Back-reflection x-ray 
Laue films showed that the samples were cut to within one degree of the 
desired orientation. 
Dysprosium and holmium are hep at room temperature. Recent x-ray 
lattice constant measurements by Darnell (40) showed that dysprosium trans­
forms to an orthorhombic structure at its Curie temperature, while 
I 
holmium remains hep. Single crystals, produced by a technique developed 
by Nigh (41), were generously provided by Dr. Legvold and his group at 
the Ames Laboratory. The samples, approximately 2 mm square by 10 mm 
long, were cut with one of the three principal crystallographic directions 
of the hep structure along the length, and with the other two directions 
normal to the faces. A tabulation of specimen impurities, determined by 
spectrographlc analysis and vacuum fusion techniques, is given in the 
Appendix. 
Apparatus and Method for Magnetoreslstance Measurements 
A Varian, model V-4012A, twelve-inch electromagnet with a Varlan, 
model 2100, regulated magnet power supply was used in this investigation. 
The magnet, with pole pieces tapered to 7 Inches, could produce a maximum 
field of 20.7 kllogauss In a 1 l/4t inch gap. The power supply had a cur­
rent regulation of one part in 10^. 
Measurements on thallium were made with the sangles Immersed in liquid 
helium. A schematic of the cryostat Is shown In Fig. 2. A minimum temper­
ature of 1°K was obtained by punq)lng on liquid helium. A mercury and an 
oil (Butyl Fhthalate) manometer were connected to the cryostat to measure 
12 
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the vapor pressure of the liquid helium. The temperature of the liquid 
was determined from the vapor pressure with National Bureau of Standards' 
tables. 
Standard dc techniques were used to make transverse magnetoreslstance 
measurements on thallium single crystals. The axis of the sample was 
mounted in a vertical direction and the magnetic field was applied in a 
horizontal direction. The sangle holder was rotated about its vertical 
axis and the angle between a crystallographlc direction and the direction 
of the magnetic field was monitored on a drum dial and vernier attached 
to the sample holder. The range of the drum dial was 0 to 360 degrees in 
1 degree graduations. The vernier could resolve six minutes of arc. 
A printed-circuit board, 0.008 inch thick, was etched to leave copper 
strips which served as current and potential contacts. Care was taken 
to make the potential probes sufficiently far from the current contacts 
so that end effects were negligible (42). The etched printed circuit 
board was glued to a piece of bakellte with G.E., type 7031, adhesive. 
The sample was sandwiched between a piece of bakellte and the etched 
prlnted-circuit board. The printed-circuit board was held in place by 
phosphor-bronze springs. A drawing of the sample holder is shown In Fig. 
3. 
Constant current was supplied by a six volt battery with a limiting 
resistor in series. The measured stability of the current was one part 
In 10 over a half-hour period. The limiting resistor consisted of a 
number of power resistors in series which could be individually shorted 
to vary the total resistance. Maximum currents of 0.8 amperes were used. 
The current through the sample was determined from the voltage drop across 
14 
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Fig. 3. Schematic diagram of thallium sample holder (not to scale) 
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a 0.01 ohm standard resistor in series with the sample. A Kelthley, 
model 149, ml111-mlcrovo1tmeter was used to measure the voltage drop 
across the sangle and across the standard resistor. A block diagram of 
the measuring circuit is shown in Fig. 4a. The directions of both the 
current and the magnetic field were reversed to eliminate thermal and Hall 
voltages. 
The output of the milli-mlcrovoltmeter was displayed on the Y-axis 
of a Mosley, model 2A, X-Y recorder. The angle between a crystallographic 
direction and the direction of a constant applied magnetic field, or the 
intensity of the magnetic field in a given crystallographic direction 
was displayed on the X-axis. A commercial Bell Hall-Pak, calibrated with 
nuclear magnetic resonance techniques, was used to monitor the intensity 
of the magnetic field. The Hall-Pak was taped to one pole piece of the 
magnet. The absolute values of magnetic field intensity measured this way 
were correct to + 1 per cent. 
Both longitudinal and transverse magne toresls tance measurements were 
made on dysprosium and holmlum single crystals from 4.2°K to 180°K. The 
axis of the sample wan mounted in a horizontal direction and the magnetic 
field was also applied in a horizontal direction. The sample holder was 
rotated about a vertical axis. The angle between a crystallographic 
direction and the direction of the applied magnetic field was measured 
with a drum dial and vernier attached to the sample holder. The absolute 
values of magnetic field intensity were measured with a Rawson, model 720, 
rotating coil gaussmeter and were correct to + 1 per cent. 
A 3/4 inch, non-magnetic stainless steel tube (type 321) formed the 
outer shell of the sample holder and was placed directly in the liquid 
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bath. The sample space could be evacuated to a pressure of 10"^ torr or 
less. A phosphor-bronze spring provided the mechanical heat leak to the 
liquid bath. A drawing of the sançle holder Is shown in Fig. 5. 
An automatic temperature control system was used for all temperatures 
above bath temperatures. A schematic of the system is shown In Figs. 6, 
7, and 8. The positions of the sensing elements, heater, thermocouples, 
and the mechanical heat link to the bath are shown in the drawing of the 
sample holder (see Fig. 5). To achieve satisfactory temperature control 
from 4.2°K to 300°K, two temperature-dependent resistances were used as 
sensing elements. A 100 ohm, one-half watt, carbon resistor was used from 
4.2°K to 40°K and 130 ohms of AWG AO, Formvar Insulated, copper wire was 
used from 40°K to 300°K. The heater was 140 ohms of AWG #36, Formvar 
insulated, manganln wire. All resistances quoted are room temperature 
values. The sensing element formed one arm of a Wheatstone bridge. 
Another arm was a variable resistor which could be adjusted to match the 
resistance of the sensing element over the entire temperature range. The 
other two arras were fixed resistors of equal value. Any temperature could 
be selected by adjusting the variable resistor to the value that the 
sensing element would assume at the desired temperature. The unbalance 
of the bridge was amplified and used to energize a relay which supplied 
current to the heater in an on-off or a maximum-minimum type of operation. 
When a stable temperature was established, the oscillatory operation of 
the heater caused the tenq>erature to vary by + 0.1°K or less. 
A problem was encountered as the magnetic field was applied. The 
magnetoresistance effect in the sensing elements caused the balance point 
of the bridge to shift. The thermocouples were continuously monitored and 
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the variable resistor was adjusted by hand to limit the temperature drift 
to + 0.1°K or less. 
The sensing elements were glued with G.E., type 7031, adhesive to 
the brass sample holder for good thermal contact. The copper sensing 
element was wound non-inductively to eliminate induced voltages from the 
on-off type operation of the heater. The heater was wound directly on 
top of the sensing elements and glued to them and the sample holder for 
good thermal contact. The close proximity of the heater to the sensing 
elements insured good response time and minimized temperature variations. 
The thermocouples were glued to the sample holder directly below the sample. 
' An etched printed-circuit board, 0.008 inch thick, separated the sample 
from the thermocouples. Temperature measurements were made with a gold-
iron vs. copper thermocouple from 4.2°K to 35°K and a constantan vs. 
copper thermocouple from 35°K to 300°K. The absolute values of temperature 
measured this way were accurate to + 0.1°K from 4.2°K to 35°K and to + 
0.2°K from 35°K to 300°K. 
Temperatures from 4.2°K to about 80°K could be obtained with a liquid 
helium bath. In practice, however, the temperature range from 50°K to 
77.4°K was obtained by pumping on liquid nitrogen. Temperatures from 
77.4°K to 300°K were obtained with a liquid nitrogen bath. 
Current and potential contacts were soldered with an ultrasonic 
soldering gun. 70/30 Belmont lead-zinc solder was used. Soldered con­
tacts, rather than pressure contacts, were used in order to avoid the 
Introduction of strains in the samples. The voltage drop across the 
sample was measured with a Rubicon, model 2772, thermofree two-range 
potentiometer with a Sensitive Research, type 5214, photocell galvanometer 
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amplifier and a secondary galvanometer, type SR 21, as the null detector. 
This apparatus was used so that anticipated magnetoresistance effects of 
a few parts in 10 could be accurately measured. This apparatus could 
measure changes of .002 of a microvolt from 0 to 100 microvolts and changes 
of .02 of a microvolt from 100 to 1000 microvolts. 
A current of either 100 or 150 milliamperes was used. Current 
was maintained constant to better than one part in 10^ by continuously 
monitoring the voltage drop across a 0.1 ohm standard resistor in series 
with the sample. The voltage drop across the standard resistor and the 
thermocouple voltages were measured with a Leeds and Northrup, type K-3, 
potentiometer with a Leeds and Northrup, type 9834, electronic galvano­
meter as the null detector. A block diagram of the measuring circuit Is 
shown in Fig. 4b. 
The ferromagnetic phases of dysprosium and holmlum exhibited 
hysteresis effects, so all the data were taken as a function of Increasing 
magnetic field at a constant temperature. The applied magnetic field was 
then cycled to zero and the sanple warmed well above its Curie temperature. 
The temperatures to which the sample was heated between isothermal runs 
are given with the data in the Appendix. Then the sangle was allowed to 
cool, and data were taken at another temperature. This procedure gave 
reproducible results in the ferromagnetic phases and no hysteresis effects 
were noted in the antlferromagnetlc phases. 
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THEORY OF MAGNEIORESISTANCE IN METALS 
Nonmagnetic Metals 
When a metal, carrying an electric current, Is placed In a magnetic 
field, the magnitude of the current Is altered, usually to a lower value. 
This phenomenon, termed magnetoreslstance, was first discovered by Kelvin 
(43) in the ferromagnetic metals iron and nickel. The quantitative measure 
of magnetoreslstance Is the magnetoreslstance ratio, which is defined as 
the ratio of the resistivity change, A p • p.(H) - p(0), to the zero field 
resistivity, p(0). This ratio Is unchanged If the resistivity Is replaced 
by the resistance of the particular sample under Investigation. The 
magnetoreslstance is commonly studied by measuring the transverse effect 
(resistivity change when a magnetic field is applied perpendicular to 
the direction of current flow), but it is sometimes advantageous to study 
the longitudinal effect (magnetic field applied parallel to the current 
flow). The most informative experiments are those carried out at low 
temperatures on very pure specimens in strong magnetic fields. Under 
these conditions, the product im^1% of the cyclotron frequency, and 
the relaxation time, T, may be much greater than one. The details of the 
collision processes are then suppressed and the effects of the details of 
the shape of the Fermi surface are enhanced. 
The magnetoreslstance effect is a second-order effect. The first-
order effect is the Hall effect. Both the magnetoreslstance effect and 
the Hall effect arise from the fact that a Lorentz force, F = •§ v x H, 
acts on an electron moving with a velocity, v, when a magnetic field, H, 
is present. The electrons in a metal have a distribution of velocities. 
26 
so the Lorentz force varies and is not generally cancelled by the Hall 
field. Since any transverse motion of the electrons reduces the longitud­
inal current, there is an increase in resistance due to the magnetic 
field and, thus, a magnetoresistance effect. This model is, however, too 
simple. In fact, the magnetoresistance effect is zero for a free electron 
gas (44). 
In a metal, the semi-classical description of the motion of an elec­
tron in a magnetic field is given by 
tik » — V % H . (1) 
- c ~ -
Hence, the k vector of an electron on the Fermi surface traces out an 
orbit defined by the intersection of the Fermi surface with a plane normal 
to the magnetic field. An integration of Equation 1 implies that the 
orbit In real space Is related to the orbit in reciprocal (k) space by a 
factor!^ and a rotation of H/Z about the direction of H. The magnetic 
field does not change the energy of an electron; it merely deflects it Into 
a complicated hélicoïdal path in real space, but in k space this path is 
reflected as an orbit on the Fermi surface. 
These orbits can be classified as either closed or open. A closed 
orbit closes within one or more cells of k space and an open orbit Is 
infinitely extended in k space. Closed orbits may be either electron or 
hole orbits. An electron orbit encloses states with energy less than 
the Fermi energy, and a hole orbit encloses states with energy greater 
than the Fermi energy. An electron in a magnetic field traverses a hole 
orbit in the opposite direction to an electron orbit, and thus, an electron 
in a hole orbit acts as if positively charged. Open orbits may be either 
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periodic or aperiodic. A periodic open orbit (type I) has successive 
elements of the orbit identical because it exists when H lies in a plane 
of high symmetry, while an aperiodic open orbit (type II) is not repeated 
exactly as one moves along the orbit as shown in Fig. 9 (45). 
Theoretical papers by Lifshitz et (46) and Lifshitz and Peschan-
skii (47, 48) have shown that an investigation of the low temperature 
transverse magnetoresistance of a metal single crystal, in the limit of 
high magnetic fields and sanqile purity, can yield information about the 
topology of the Fermi surface of the metal. Such an investigation can re­
veal the presence of open sections of the Fermi surface which can give 
rise, in the presence of a magnetic field, to open orbits. 
There is an important qualitative difference between the high-field 
transverse magnetoresistance of an uncompensated metal and a compensated 
(equal number of electrons and holes per unit volume) metal. For the 
former group of metals, the magnetoresistance tends to saturate in high 
magnetic fields except for those directions of magnetic field which give 
rise to open orbits. For the latter group of metals, non-saturation of 
the magnetoresistance is the general rule even for those directions of 
magnetic field which do not give rise to open orbits. It is only in 
special situations that saturation occurs for these metals. 
Thallium is a trivalent hep metal with two atoms per primitive unit 
cell. Thus, it has an even number of conduction electrons, six, per 
primitive unit cell. Alekseevskli et al. (49) have treated in considerable 
detail the qualitative effects of the Fermi surface topology on the trans­
verse magnetoresistance. One can draw the following conclusions for a 
metal with an even number of conduction electrons per unit cell: 
28 
1. If, for a given direction of H, there exists a layer of open 
orbits with a single average direction, then in the high-
field limit, 
p(H) = A + Bh2 cos2 y , (2) 
where A and B are constants and y is the angle between the current 
density, J, and the open orbit direction in k space. 
2. If, for a given direction of H, only closed orbits are present 
such that there is volume compensation of the electrons and 
holes, the resistivity, p(H), is proportional to H in the high-
field limit. 
3. If, for a given direction of H, only closed orbits are present 
such that volume compensation is destroyed, then the resistivity, 
p(H), will saturate in the high-field limit. This can result 
from the geometry of the Fermi surface or it can result from a 
change in connectivity, which happens with magnetic breakdown (17) 
across energy gaps which separate different sheets of the Fermi 
surface. If magnetic breakdown occurs, the orbits will be 
essentially those of a free electron in the vicinity of the 
energy gap. 
4. If, for a given direction of H, there exists layers of open 
orbits with different average directions, the resistivity, p(H), 
will saturate in the high-field limit. 
The argument that the energy gaps vanish across the hexagonal face 
of the Brillouin zone for a hep metal, based on the vanishing of the 
structure factor (16), is not correct for a general potential. Herring 
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(50) provided a rigorous basis for the sticking together of the bands 
from symmetry properties and time-reversal arguments. Elliott (51) 
showed that spin-orbit coupling removes the degeneracies at the point H 
and along the symmetry lines S and S', but not at A and L nor along the 
line R (see Fig. 10). Cohen and Falicov (15) have shown that maximum 
splitting for this plane occurs at the point H and that these energy gaps 
are small compared to the ordinary energy gaps due to the lattice poten­
tial. Thus, as the magnetic field is increased, one passes from orbits 
determined semiclassically from the entire band structure to orbits 
determined semiclassically by ignoring the small energy gaps. This 
effect is called magnetic breakdown (17)• 
Cohen and Falicov (17) proposed that magnetic breakdown occurs if 
the energy gap, E^, across the zone boundary is smaller than the level 
separation, ticDc' Blount (52) and Pippard (53) have shown that the prob­
ability, P, for an electron to make a transition between two different 
orbits is given by 
P = exp[- , (3) 
and 
KEfm*c 
"o ' 1!^ • 
where m* is the effective mass of the electron, Ep is the Fermi energy, 
and K is a constant approximately equal to one. 
Falicov and Sievert (54) have confuted semiclassically the transverse 
magnetoreslstance by a modification of the'method of trajectories (55), 
which includes the possibility of magnetic breakdown. They find that 
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Fig. 10. First Brillouin zone for hep structures (points and lines of 
symmetry in the hexagonal face are marked) 
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v^en the two limiting cases of no breakdown and complete breakdown corre­
spond to nonsaturatlon and saturation, respectively, the transverse 
2 
magnetoreslstance shows an initial increase proportional to H , followed 
by a decrease towards a saturation value different from p(0). The field 
at which the magnetoreslstance reaches Its maximum decreases as the purity 
of the sample increases. 
Magnetic Metals 
For any Bravais lattice, the capacity of the corresponding Brlllouin 
zone for one sign of the electron spin is one state per primitive unit 
cell. In a nonmagnetic metal, the two spin states are degenerate, so 
the capacity of each Brlllouin zone is two states per unit cell. 
Fawcett and Reed (56) proposed that the exchange Interaction respon­
sible for magnetism in magnetic metals may resolve the degeneracy of the 
two spin states per unit cell. Now, there is the possibility that a 
Brlllouin zone may be completely occupied or empty for electrons of one 
spin, while it is partially occupied for electrons of the opposite spin. 
They have shown that the important distinction between a nonmagnetic and 
a magnetic metal is that a magnetic metal which has an odd number of 
conduction electrons per unit cell can be compensated and a magnetic metal 
which has an even number of conduction electrons per unit cell can be 
uncompensated. 
For the rare earth metals dysprosium and holmium, the product |cUq|t 
is not much greater than one. The cyclotron frequency, cDq, is equal to 
-ÊîL. and to a first approximation, H should be replaced by the magnetic 
ra*c 
induction, B, in a magnetic material. Reasonable values for these 
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parameters at 4.2°K are B = 10^ gauss, m* = 10"27 gm., and t = 10"^^ sec., 
and one gets Icog |T ~ 10"^. Under these conditions, the effects of the 
details of the shape of the Fermi surface are suppressed and the details 
of the collision processes are enhanced. 
Wilson (57) has given a complete description of the basic theories 
of electron transport processes in metals. These theories consider the 
passage of electrons through an ordered array of atoms in the crystal. 
At the absolute zero of temperature, a perfectly periodic lattice potential 
will offer no resistance to electron flow. Resistance is due to imperfec­
tions in the periodicity of the potential, and this can arise from thermal 
vibration of the atoms from their equilibrium positions (phonon scatter­
ing) , thermal vibration of the ordered magnetic moments from their 
equilibrium positions (spin-wave scattering), and other crystal imperfec­
tions classed as defects. These imperfections can be Impurities, lattice 
defects, domain boundaries, and grain boundaries. 
According to Matthlessen's rule (58), the resistivity of a metal is 
separable into an ideal part, p^(T), which Is temperature dependent and 
c h a r a c t e r i s t i c  o f  t h e  p u r e  m e t a l ,  a n d  a  r e s i d u a l  p a r t ,  P r e s l d u a l ' I s  
temperature independent and due to defects. 
The two contributions to p^(T) arise from the scattering of electrons 
by phonons and spin-waves. We designate these by o . and p , , 
• •' ^phonon "^spin-wave 
respectively. These two contributions to the resistivity approach zero 
as the absolute temperature approaches zero, so the residual resistivity 
can be determined from a measurement at low temperatures where the total 
resistivity becomes constant. 
Boas and Mackenzie (59) have treated the possible anisotropy of 
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electrical resistivity due to the crystal lattice structure. They found 
that there would be no anisotropy in the basal plane of a hexagonal crystal 
for any property which represents a linear relationship between two 
vectors. The resistivity relates the current vector and the applied 
electric field vector. However, this treatment does not consider magnetic 
anisotropy which is large in rare earth single crystals. 
Anomalous effects in the resistivities of ferromagnetic and antlfer­
romagnetic metals have been attributed to spin-wave scattering of the 
conduction electrons. Kasuya (60) has assumed that the contribution of 
spin-wave scattering is additive to the contributions of phonon scattering 
and impurity scattering, so | 
P ~ Presldual Pphonon ^  Pspln-wave * 
The contribution of spin-wave scattering can be larger than the contribu­
tion of phonon scattering at ordinary temperatures. At low temperatures, 
the ionic moments are all aligned so Pgpi^-wave to zero, while at 
temperatures above the highest magnetic ordering temperature the spins are 
randomly oriented and contribute a constant term to the resistivity. 
The interesting properties of the rare earth metals dysprosium and 
holmlum are a result of their unusual electron configuration. The electron 
shells up to the 4d are filled. The 5d^ and 6s^ electrons are the conduc­
tion electrons in the metals, and the filled 5s and 5p shells serve as a 
screen for the unfilled 4f shell. These 4f electrons are responsible for 
the unique electrical and magnetic properties. Dysprosium and holmlum 
have nine and ten 4f electrons, respectively, and thus, the 4f shells are 
more than half-filled. 
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Since the 4f shell is well shielded by outer filled shells, the 4f 
electrons are usually described by atomic-like Wannier functions localized 
on the lattice sites. The concept of localized electrons has been dis­
cussed by Mott (61). The spins and orbital angular momenta of the 4f 
electrons are coupled by L*S coupling and the resultant J vectors are 
arranged in ordered structures at the absolute zero of temperature. The 
localized moments can be calculated by Hund's rules, but the interactions 
within the crystal determine the relative orientation of the ionic 
moments. 
The observed magnetic orderings in dysprosium and holmium in zero 
applied magnetic field are shown in Fig. 11. These elements go progres­
sively from a paramagnetic to an antiferromagnetic to a ferromagnetic 
state with decreasing temperature. The helical (spiral) spin structure 
exists in dysprosium and holmium for certain temperature ranges. The 
moments in each hexagonal basal plane are aligned ferromagnetically. The 
direction of the moment varies from layer to layer with a pitch which is 
temperature and magnetic field dependent. The interlayer turn angle de­
creases nearly linearly with decreasing temperature from the Neel 
temperature. 
Below the Curie temperature, the moments In dysprosium are ferro­
magnetically aligned along the a-axis. In holmium, the moments lie on 
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the surface of a shallow cone around the c-axls. The basal plane pro­
jections of the moments form a helix with a turn angle of 30°, and there 
is a small ferromagnetic component along the c-axis. Recent neutron 
diffraction measurements suggest that the moments are alternately in the 
ca- and cb-planes and deviate from the cone surface alternately toward 
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and away from the c-axis. The b-axis is the easy axis of magnetization 
for holmium. 
Mackintosh (23), Elliott and Wedgwood (62), and Miwa (63) have shown 
that the spiral spin structure causes the conduction electrons to experi­
ence a periodic exchange potential whose period is Incommensurate with 
that.of the lattice. This periodic potential produces gaps In the allowed 
values of electron energies. For the basal plane directions, the super-
zone planes lie close to the Brillouln zone boundaries and have little 
effect. However, the exchange gaps for the c direction distort the Fermi 
surface and the effect on the c-axls resistivity is an increase of 
resistivity with decreasing temperature at the Neel temperature. The 
magnitude of the exchange gap is proportional to the magnitude of the 
localized moment, and thus Increases as the temperature decreases. When 
a first-order transition in the spin structure takes place, the magnitude 
of the gap changes dlscontlnuously. 
Several authors (64, 65, 66) have shown that the observed orderlngs 
are a natural consequence of indirect-exchange between the magnetic ions 
via the conduction electrons and a strong crystalline electric field. 
The axial variation of the crystalline electric field fixes the direction 
of the moments relative to the symmetry axis. There is also a smaller 
anisotropy of six-fold symmetry in the plane perpendicular to this axis. 
The low-lying excited states of these magnetically ordered systems 
can be described in terms of spin-waves which cause deviations from the 
equilibrium spin arrangement at a particular temperature. A measurement 
of the change in resistivity with applied magnetic field can yield infor­
mation about the scattering of the conduction electrons by spin-waves. 
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Thus, it is essential to know the change in the magnetic structure and in 
the spin-wave spectrum with magnetic field. For dysprosium and holmium, 
the anisotropy relative to the crystal axis is so large that a field 
applied along this axis has little effect. However, a field applied in 
the basal plane can seriously modify the magnetic structure, and hence the 
spin-wave spectrum. 
The helix spin structure can be destroyed above a critical field 
where ferromagnetic ordering along the field direction occurs. Possible 
stable intermediate states have been proposed by Nagamiya et (67) and 
Kitano and Nagamiya (68). From magnetization and neutron diffraction 
results, it has been deduced that dysprosium undergoes a first-order 
transition from helix to ferromagnetic alignment while holmium has some 
stable intermediate states before complete ferromagnetic alignment is 
realized. Schematic phase diagrams are shown in Figs. 12 and 13 for 
dysprosium and holmium, respectively. 
Cooper £t (69) and Cooper and Elliott (70) have calculated the 
magnetic field dependence of the spin-wave spectrum for spiral spin 
structures. They found two main branches of the spin-wave spectrum which 
change discontinuously at the critical field where the helix distorts 
into a fan. At higher fields where the fan collapses into ferromagnetic 
alignment, the higher branch of the spin-wave spectrum goes to zero. For 
the case where the spiral spin structure collapses into ferromagnetic 
alignment directly, the spin-wave spectrum changes discontinuously at the 
critical field, but there is no spin-wave energy which goes to zero. 
When the hexagonal anisotropy is large enough, rather than just 
slightly perturbing the spiral structure, it can stabilize the ferromagnetic 
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structure. This occurs in dysprosium below the Curie temperature. If 
there is a preferred direction of magnetization in the crystal due to 
magnetic anisotropy, it requires a finite amount of energy to excite even 
a long-wavelength spin-wave, and thus, the hexagonal anisotropy causes a 
finite spin-wave energy at q = 0, where q is the wave number and equals 
2 TT/x . This energy gap has important consequences in the specific heat 
(71), electrical resistivity (26), and other properties. 
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RESULTS 
Thallium 
Transverse magnetoreslstance measurements were made on thallium 
single crystals at 4.2°K and 1°K in magnetic fields up to 20.4 kilogauss. 
The orientations of the samples investigated and their resistivity ratios 
are given in Table 1. The resistivity ratio is an empirical evaluation 
of the purity of the sample. It is the ratio of the resistivity at room 
temperature to the resistivity at liquid helium temperature and, for a 
metal with a high Debye temperature, is a comparison of lattice scattering 
to impurity scattering. Thus, the higher purity samples have a larger 
resistivity ratio. Thallium has a rather low Debye temperature of lOO^K 
(72), and lattice scattering may still be appreciable at 4.2°K compared 
with impurity scattering. In fact, the resistivity decreased by a factor 
of approximately three between 4.2°K and 1°K. Thallium is a superconductor 
below 2.38°K and the critical field at absolute zero is 176.5 gauss (73). 
Thus, resistivity measurements were made in small magnetic fields and 
Kohler's rule (74) was used to extrapolate p(H) to zero field. The zero 
field resistivity values at 1°K may be in error by a few per cent but 
these values enter the calculations only as a scaling factor and, thus, 
have no significant effect on the interpretation of the results. 
Figs. 14, 15, 16, 17, 18, and 19 show the angular and magnetic field 
dependence of the transverse magnetoresistance for samples Tl-1, Tl-2, 
Tl-3, and Tl-4. The results of my measurements and those of Alekseevskii 
and Gaidukov (19) showed that for samples with axes (0' = 50° - 90°, 
0' = 0° - 30°), the resistivity in a constant magnetic field has the 
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Table 1. Resistivity ratio and orientation of thallium samples 
Sample Orientation* 
P4.2°K 
Tl-1 9300 8' = 82° 0' = 23° 
Tl-2 1100 8' = 56° 0' = 19° 
Tl-3 6450 8' = 90° 0' = 30°( < 2ÏÎ0 > ) 
Tl-4 4500 8' = 90° 0' = 0° ( < 10Ï0 > ) 
Tl-5 5650 8' = 0° ( < 0001 > ) 
*d' is the angle between the sançle axis and the < 0001 > axis and 
0' is the angle between the (2ÎÏ0) plane and the plane passing through the 
sample axis and the < 0001 > axis. 
A 
approximate form B cos -y. The form of the angular dependence was preserved 
as the axes of the samples departed from the basal plane up to 6' ~ 50°. 
However, the coefficient B gradually decreased with decreasing d'. The 
decrease of the value of B is enhanced in Fig. 14 because Tl-2 has a 
smaller resistivity ratio than Tl-1. The resistivity minimum was always 
observed in the direction defined by the intersection of the plane con­
taining the sample axis and the < 0001 > axis with the plane of rotation 
of the magnetic field. Saturation was observed in this direction for 
all samples. In other directions, the rate of increase of resistivity 
with magnetic field was approximately quadratic. 
From Alekseevskii and Gaidukov's (19) measurements, several narrow 
minima began to appear in the smooth angular dependence of the magneto-
resistance at 0' ~ 50°. For sample Tl-5 with its axis parallel to the 
< 0001 > direction, the angular dependence eadiibits considerable anisotropy 
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as shown in Fig. 20. Measurements on Tl-5 at 4.2°K in magnetic fields 
up to 20.3 kilogauss showed that for any direction of the magnetic field 
except the < 2110 > direction, the rate of increase of resistivity with 
magnetic field was greater than linear. Saturation was observed in the 
< 2110 > direction. 
Fig. 20 also shows measurements on Tl-5 at 1°K in a magnetic field 
of 20.3 kilogauss. The anisotropy of the angular dependence was greatly 
enhanced compared to the measurements at 4.2°K. Minima were clearly 
observable at the following angles in the order of decreasing depth of 
the minimum: 30° (< 2110 >), 0° (< 1010 >), 9°, and 19°. Saturation of 
the resistivity was observed at 30° and 0° as shown in Fig. 21, and the 
rate of increase of resistivity with magnetic field for the other minima, 
and also the maxima, was less than linear. The results of Alekseevskii 
and Gaidukov (19) at 1.34°K in magnetic fields up to 31 kilogauss showed 
that saturation of resistivity was reached at both the maxima and the 
minima of the angular dependence. However, saturation of the resistivity 
occurred at different magnetic fields for different directions, and was 
only evident at fields greater than 20 kilogauss. 
Dysprosium 
Fig. 22 shows the resistivity (minus residual) as a function of 
temperature from 4.2°K to 300°K for the < 1010 > and the < 0001 > direc­
tions. Data for the < 2110 > and the < 1010 > directions were approximate­
ly equal, so only the < 1010 > data were plotted. The data for the 
< lOiO > and the < 0001 > directions were approximately equal below the 
Curie temperature, so only the < lOiO > data were plotted. Not all data 
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points were plotted for purposes of clarity, but a complete tabulation 
of all the data for the three directions is given in the Appendix. 
The uncertainty in measuring the distance between the soldered 
potential contacts made it impossible to calculate the resistivity in the 
usual way. Measured resistance values were multiplied by a scaling con­
stant C to obtain resistivity values. The constant C was determined from 
the equation 
P300°K • P4,2°K ^ GCBgoQOK " Ï^4.2°K) (6) 
where values of (p3oo°K " P4 2°K^ for the three directions were obtained 
from the data of Jew (24). This procedure fits the measured resistance 
at room temperature and takes into account the variation of purity between 
different samples. Values of the constant C for the three directions are 
given in the Appendix. 
There was a 2 per cent discontinuity in the resistivity for the basal 
plane directions and a 7 per cent discontinuity in the resistivity for 
the < 0001 > direction at (88.5 + 0.5)°K, which was interpreted to be the 
Curie temperature. The resistivity in the basal plane directions changed 
slope at (179.8 + 0.3)°K, which was interpreted to be the Neel temperature. 
The resistivity in the < 0001 > direction passed through a maximum at 
162°K and a minimum at 204°K. The essentially temperature-independent 
nature of the resistivity from 185°K to 235°K indicates that the effects 
of magnetic ordering may extend well above the Neel temperature. 
Isothermal measurements of the resistivity as a function of the 
applied magnetic field were made from 4.2°K to 180®K. The internal 
magnetic field which acts on the magnetic ions is dependent upon the shape 
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of the sample and is given by 
H = Hgxt - (7) 
where is the external magnetic field, g, is the magnetic moment 
per gram at a temperature T and magnetic field H, d is the density of the 
material, and N is the demagnetizing factor. It is only possible to 
calculate exact values of N for ellipsoids. The samples used in this 
investigation were rectangular parallelepipeds and, for the transverse 
magnetoresistance in particular, a calculation of the internal magnetic 
field is quite difficult. The results of this investigation can be 
interpreted, however, without going into detail about the magnitude and 
the direction of the demagnetizing field and, therefore, magnetoresistance 
was plotted against applied magnetic field. 
Figs. 23 and 24 show isothermal curves of the longitudinal magneto­
resistance for the < 2110 > and the < 10Î0 > directions, respectively. 
In the ferromagnetic region, the magnetoresistance was positive at 4.2°K 
and negative at 77.4°K. The temperature at which the magnetoresistance 
changed sign from positive to negative was determined by noting the direc­
tion of deflection of the galvanometer when a magnetic field of 20.5 
kilogauss was applied. The temperature measured this way was (20.0 + 
1.5)°K. 
In the antiferromagnetic region, the magnetoresistance at a given 
temperature changed sign from positive to negative at the critical field 
where the magnetic structure changes. The magnetoresistance was positive 
in the helix phase and negative in the ferromagnetic phase. The observed 
changes of resistivity with magnetic field were not discontinuous at the 
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first-order phase transition. This is probably due to demagnetizing 
effects. 
There was some anisotropy below the Curie temperature in the magnitude 
of the results for the two basal plane directions. The easy direction 
of magnetization (< 2110 >) showed the larger effects. 
Isothermal curves of the transverse magnetoresistance for the < 0001 > 
direction, with the magnetic field applied in the < 2110 > direction, are 
shown in Fig. 25. The magnetoresistance was negative at all temperatures 
in the ferromagnetic region. In the antiferromagnetic region, the magneto-
resistance was positive in the helix phase and negative in the ferromag­
netic phase, in agreement with the results for the basal plane directions. 
However, the magnitude of the resistivity changes with magnetic field was 
much larger for the < 0001 > direction. 
Holmium 
The resistivity (minus residual) as a function of temperature from 
4.2°K to 300°K for the < 1010 > and the < 0001 > directions is shown in 
Fig. 26. Data for the < 2110 > and the < 1010 > directions were approxi­
mately equal, so only the < 1010 > data were plotted. Resistivity values 
were obtained from the measured resistance values in the manner described 
previously. Values of (p3oo°K ~ P4 2°K^ were obtained from the data of 
Strandburg (25). Values of the constant C, determined from Equation 6, 
are given in the Appendix. 
There was a small change in slope for the resistivity in both the 
basal plane and the < 0001 > directions at (20.0 + 0.4)°K, which was 
interpreted to be the Curie temperature. The resistivity in the basal 
Fig. 25. Transverse magnetoresistance of dysprosiumin < 0001 > direction as a function of 
temperature (applied magnetic field in < 2ÎÎ0 > direction) 
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plane directions changed slope at (132.0 + 0.2)°K, which was interpreted 
to be the Neel temperature. The resistivity in the < 0001 > direction 
passed through a maximum at 117°K and a minimum at 140°K. The essentially 
temperature-independent nature of the resistivity from 133°K to 150°K 
indicates that the effects of magnetic ordering may extend well above 
the Neel temperature. 
Isothermal measurements of the resistivity as a function of applied 
magnetic field were made from 4.2°K to 85°K. Measurements were only made 
up to 85°K because the magnetic field required to change the magnetic 
structure exceeded the maximum field of the magnet. 
Figs. 27, 28 and 29, 30 show isothermal curves of the longitudinal 
magnetoresistance for the < 2110 > and the < 1010 > directions, respective­
ly. In the ferromagnetic region, the magnetoresistance was positive at 
4.2°K and changed sign with increasing temperature. The temperature at 
which the change in sign occurred was determined to be (8.5+0.1) K by 
the method described previously. From 8.5°K to 20°K, the magnetoresistance 
decreased very sharply at the critical field where the magnetic structure 
undergoes a first-order transition from the conical phase to a phase with 
a ferromagnetic component. The magnitude of the decrease of resistivity 
with magnetic field increased with increasing temperature. 
In the antiferromagnetic region from 20°K to 40°K, the magnetoresist­
ance at a given temperature changed sign from positive to negative at the 
critical field where the magnetic structure undergoes a first-order 
transition from the helix phase to a phase with a ferromagnetic component. 
The magnetoresistance decreased very sharply at the first-order transi­
tion, and the magnitude of the decrease of resistivity with magnetic field 
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decreased with increasing temperature. 
From 40°K to 85°K in the antiferromagnetic region, sharp increases 
of the resistivity with magnetic field were observed at the critical 
fields where there is a first-order transition from the helix phase to 
a phase with a fan I component or from a phase with a fan I component to 
a phase with a fan II component. At higher magnetic fields for the 
< 1010 > direction, a decrease of resistivity with field was observed at 
the transition from a phase with a fan component to a phase with a fer­
romagnetic component. 
Fig. 31 shows isothermal curves of the transverse magnetoresistance 
for the < 0001 > direction, with the magnetic field applied in the 
< 1010 > direction. The magnetoresistance was negative at all temperatures 
in the ferromagnetic region and the magnitude of the decrease of resistiv­
ity with magnetic field increased with increasing temperature. In the 
antiferromagnetic region, the magnetoresistance was positive in the helix 
phase and negative in the ferromagnetic phase, in agreement with the 
results for the basal plane directions. However, the magnitudes of the 
resistivity changes with magnetic field were much larger for the < 0001 > 
direction. 
The magnitude of the resistivity changes with magnetic field in 
holmium were much larger than in dysprosium in both the ferromagnetic 
and antiferromagnetic regions. 
No corrections have been made for magnetostriction effects observed 
in dysprosium and holmium single crystals (36) . The magnitudes of the 
maximum strains in the ferromagnetic regions have to be treated with 
caution because there was an uncertainty in the initial strain state due 
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to the randomness of the demagnetized domain configuration. However, if 
one takes the reported values for the magnetic field applied in the 
< 2110 > direction in dysprosium at 4.2°K, magnetostriction effects would 
increase the resistivity by 1 per cent, which is larger than the measured 
effect. For the magnetic field applied in the < 1010 > direction in 
holmium at 4.2°K, magnetostriction effects would increase the resistivity 
by 0.01 per cent, which is much smaller than the measured effect. The 
corrections decrease with increasing temperature. 
I 
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DISCUSSION 
Thallium 
Fig. 32 is a stereographic projection of the directions of magnetic 
field for which open orbits can exist in thallium as inferred by Alekseev-
skii and Gaidukov (19) from their measurements and in agreement with the 
measurements reported in the Results. The shaded area represents a two-
dimensional (solid-angle) region of type II open orbits and the radial 
lines are one-dimensional regions of type I open orbits. 
Thallium is a trivalent hep metal. The primitive translation vectors 
of the hexagonal space lattice are 
âl = Y (1 +"/3 j) , 
-2 ~ 2 ^  ' (8) 
and aj = ck . 
It is convenient to choose an orthorhombic unit cell as shown in Fig. 33. 
The volume of this unit cell is sfs a^c. It contains four atoms at posi­
tions (0,0,0), (1/2,1/2,0), (1/2,1/6,1/2), and (0, 2/3,1/2). The primitive 
translation vectors of the reciprocal lattice are 
- a j) . m 
and = i k , 
Thus, the lattice is its own reciprocal. The Bragg planes (planes of 
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Fig. 32. Stereographic projection of the directions of H for which open orbits exist 
in thallium (shaded area Isa two-dimensional region of directions,of H for* 
which type II open orbits exist; open orbits disappear for H|I< 0001 > and on 
the boundary of the two-dimensional region; radial lines are one-dimensional 
regions of directions of H for which type I open orbits exist) 
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Fig. 33. Orthorhombic unit cell for hep structures 
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energy discontinuity in k space) are defined by K^/2 = k'K where K is a 
vector of the reciprocal lattice. 
The lattice constants for thallium at room temperature (75) are 
o o 
a = 3.4564 A , c = 5.531 A , and c/a = 1.600. Meyerhoff and Smith (39) 
have measured the thermal expansion of thallium single crystals from 
4.2°K to 273°K and they found that the value of c/a decreased by less than 
0.2% at 4.2°K. The radius of the free electron Fermi sphere is kp = 
2 1/3 (3 TT n) ' , where n is the density of conduction electrons in the metal. 
For thallium, kp = (2 ir/a)(.803). 
Alekseevskii and Gaidukov (19) observed that the experimental results 
can be explained by a Fermi surface of corrugated planes joined by posts 
at the corners of the hexagonal zone. For this model, Alekseevskii 
et al. (49) have shown that type II open orbits exist for any value of 
the angle 0 if 9 is less than 6^ (0 and 0 are the angular coordinates of 
the direction of the magnetic field, with 9 measured from the < 0001 > 
direction and 0 measured from the < 1010 > direction) . 9^ is determined 
from the equation 
tan 6^ = 2 , (10) 
where h and d are the height and diameter of the post, respectively. 
They also showed that if 9 is greater than 9^, type I open orbits can 
exist only for rational directions of the projection of the magnetic 
field on the (0001) plane. Thus, tan 0 = n/m, where n and m are integers. 
The maximum value of the angle 8^^^, at which open orbits still exist, is 
obtained from the equation 
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tan 6 
"n 0nin =  ^ y > (H) 
^ ^n2+m2 
where b = 1.16(2 Tf/a) is the reciprocal lattice constant in the < 1010 > 
direction. From Equation 10, Âlekseevskil and Gaidukov (19) observed that 
the 45° extension of the two-dimensional region of open orbits implied 
that the height of the posts was approximately equal to their diameter 
and, from Equation 11, they found h = d < 0.1 b for the one-dimensional 
open orbit at 0 = 4.5°, 0 = 90°. 
Harrison's (14) nearly free electron model for thallium, which 
neglects the spin-orbit coupling of the conduction electrons, has the 
first and second zones full. There are small pockets of electrons in the 
fifth and sixth zones, but the shape or even the existence of these regions 
for a finite crystal potential is somewhat doubtful. The third and fourth 
zones are shown in Fig. 34a. It will be shown that this surface can 
account for the open orbits if magnetic breakdown occurs over almost the 
whole hexagonal face of the third Brillouln zone. 
The degeneracy across the -{OOOf} faces of the Brillouln zone is re­
moved by spin-orbit coupling (51), except along LL (< 10Î0 >), where there 
is a degeneracy due to symmetry. The difference between the nearly free 
electron model with or without magnetic breakdown is that orbits may or 
may not, respectively, be Bragg reflected at the (0001) plane. 
The single-zone representation has the first and second zones full. 
Now, however, there are two hole surfaces occupying the third and fourth 
zones, respectively. The hole surface in the third zone is a multiply-
connected corrugated cylinder with transverse membranes spaced about half 
Fig. 34. Doublerzone representation of the nearly free electron Fermi surface of thallium 
(a. third and fourth zones; b. (lOlO) plane-section through the Fermi surface --
dashed line is a type I open orbit; c. electron (a), hole (p), and open (Â,B,E) 
orbits in planes perpendicular to < 0001 >) 
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as close as those In the double-zone surface. The hole surface in the 
fourth zone is a corrugated cylinder which can support open orbits in 
the basal plane and the < 0001 > directions. 
Fig. 32 shows that a two-dimensional region of type II open orbits 
exists when the magnetic field is within 45° of the < 0001 > direction. 
This requires a suitable configuration of electron and hole orbits in 
different planes normal to the < 0001 > direction. This is provided by 
the electron orbits, a, and the hole orbits, P, which are shown in Fig. 
34c, and exist in two different planes near LL of Fig. 34b. When the 
magnetic field is tilted away from the < 0001 > direction, electron and 
hole orbits exist simultaneously in a plane in k space normal to the 
magnetic field, and type II open orbits run along the boundary between 
them in a direction in the basal plane. This explains the fact that the 
magnetoresistance is always observed to saturate for samples Tl-1 and 
Tl-2 when the magnetic field is in a direction defined by the intersection 
of the plane containing the sample axis and the < 0001 > axis with the 
plane of rotation of the magnetic field since, in this case, the direction 
of the open orbits in k space is perpendicular to the current direction 
and in real space along the current direction. The value of the coeffi­
cient B decreased as the axes of the samples departed from the basal 
plane up to 8'_ 50° because the thickness of the open orbit layer 
decreases and vanishes on the boundary of the two-dimensional region. 
For samples Tl-3 and Tl-4 with the magnetic field along the < 0001 > 
direction, the observed saturation of the magnetoresistance is consistent 
with the idea of an uncompensated metal when no open orbits are present. 
The nearly free electron surface is topologically equivalent to the 
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model of corrugated planes joined by posts at the corners of the hexagonal 
zone. Although there are three posts at each corner of the zone in the 
I 
nearly free electron model, the extension of the two-dimensional open 
orbit region depends only on the angle at which the electron orbit, a, 
vanishes, and hence on the dimensions of any one post, which has approxi­
mately the correct ratio of height to diameter and approximately the 
value given by Equation 10. 
The one-dimensional regions A,B,C,D;E in Fig. 32 are due to open 
orbits which run in unique directions in the basal plane of the Fermi 
surface. The one-dimensional regions of type I open orbits are revealed 
as sharp minima in the angular dependence of the raagnetoreslstance for 
Tl-5 as shown in Fig. 20. When the magnetic field is in the basal plane 
and open orbits are present, the magnetoreslstance saturates because the 
open orbit direction in real space is in the direction of the current. 
The weights of the open orbit directions are reflected in the depths of 
the minima in Fig. 20. Only open orbits A and B are observed to actually 
saturate in ray measurements but there is an indication of saturation for 
orbits C and D (see Fig. 21). In fact, it is only at 1.34°K and 31 kilo-
gauss that E is visible in the results of Alekseevskll and Gaidukov (19). 
Fig. 34b shows an open orbit in the < 1010 > direction in k space which 
accounts for the region B. When the magnetic field is in the basal plane, 
such an orbit must pass across the repeated zones in vertical planes with­
out colliding with the posts. In order to do this, the open orbit must 
run parallel to a line of posts, and hence must follow the direction of 
a crystallographic face normal. The size of the posts ensures that only 
certain directions are allowed and that the width of the band of open 
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orbits varies greatly with direction. 
In the plane shown in Fig. 34c, only the broad bands of open orbits 
A and B are allowed, but open orbits C,D,E, and F can also propagate 
between the posts in other planes because the size of the posts varies. 
The various open orbits are listed in Table 2, together with their direc­
tions in k space and in real space, and the experimentally observed 
directions. There is a suggestion of a minimum in the results of 
Alekseevskii and Gaidukov (19) where one should expect F to exist. 
In a sufficiently high magnetic field an electron can jump across 
the energy gap at the hexagonal face of the third Brillouin zone without 
undergoing Bragg reflection. The condition for magnetic breakdown to be 
probable is given by Equation 4 as Eg ~ (ficocEp)^. Reasonable values (17) 
for these parameters are Eg = .1 ev., Ep = 10 ev., and m* = m^. These 
values give a breakdown field of about 100 kilogauss at the point H of 
the Brillouin zone. The energy gap has its maximum value at this point, 
but none of the open orbits pass very close to it on the hexagonal face, 
so one might expect that magnetic breakdown is occurring in magnetic 
fields of 30 kilogauss. 
There are three pieces of experimental evidence which indicate that 
magnetic breakdown does take place in magnetic fields of 30 kilogauss: 
1. The two-dimensional region of type II open orbits can exist 
independently of whether there is an energy gap at the hexagonal 
face of the third zone when the magnetic field is near the basal 
plane, but the one-dimensional open orbits are only possible 
if they can pass across the center of the zone, and this is 
precluded by Bragg reflection. 
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Table 2. Characteristics of open orbits 
Orbit 
Direction 
in k space 
Angle of field from 
< 1010 > in real space 
Observed angle 
in real space 
A < 2ÎÏ0 > 
[ 
0° 0° (0°)® 
B < 10Ï0 > 30° 30° (30°) 
C < 4150 > 19° 6' 19° (18.5°) 
D < 2130 > 10° 54' 9° (11.5°) 
E < 4370 > 4° 43' - - (4.5°) 
F < 10 1 IT 0 > 25° 17' (25.5°) 
^Values in parentheses are the results of Reference 19. 
2. The single-zone representation with three conduction electrons 
per atom implies a Fermi surface with an equal number of electrons 
and holes, provided that no open orbits exist. No such com­
pensated regions were found experimentally (19). 
3. An open orbit in the < 0001 > direction, shown as P in Fig. 34a, 
can exist if Bragg reflection occurs across the hexagonal face 
of the third zone. Such an orbit is precluded in magnetic 
fields of 30 kilogauss by the fact that the magnetoresistance 
saturates when the magnetic field is in the basal plane away 
from one of the special directions. However, such an orbit might 
be invoked to explain certain features of the results at lower 
fields. In magnetic field directions for which no open orbits 
exist, the magnetoresistance saturates at values as high as about 
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850 (19). This is considerably greater than the usual values 
of about 10 (45). The angular separation of the special direc­
tions for which type I open orbits are observed does not exceed 
12°, and thus, the regions between these special directions con­
tain extended orbits for which is not much greater than 
one, and which, therefore, behave like open orbits. If this 
explanation is correct, one can expect the magnetoresistance to 
decrease in even higher fields. However, if the magnetic field 
is in the basal plane, the maximum extension of these extended 
orbits is along the current direction, and they should cause 
saturation of the magnetoresistance at a lower value. The fact 
that this does not occur indicates that magnetic breakdown is 
not complete across the hexagonal face of the third zone until 
a magnetic field of greater than 30 kilogauss. The open orbit 
P can therefore exist at lower fields and causes the magneto­
resistance to rise rapidly with field. 
The initial increase of resistivity with field is in agreement with 
the calculations of Falicov and Sievert (54) for magnetic breakdown between 
open orbits and closed orbits. The results of their calculations are 
given in terms of CD c T  andcuoT, where CJD q  = and is defined in Equation 
m*c 
4. For the approximate experimental values H = 30 kilogauss, t  = 10" 
sec. and ^  = 500, one gets ~ 30 kilogauss. They found that the satura­
tion value of the resistivity in high magnetic fields is given by 
Pgat ~ Po (1 + -^^oT) , (12) 
where = p(H=0). For = 30 kilogauss and T = 10'^® sec., one gets 
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pggj.~100p^. Thus, a measurement of the resistivity in magnetic fields 
greater than 30 kilogauss should show a decrease to a value different 
from the initial resistivity in zero field if this explanation is correct. 
A small dip is observable in the angular dependence of Tl-4 at 4.2°K, 
and also in the angular dependence of Tl-3 at 1°K, when the magnetic field 
is in the basal plane. For Tl-4, with the magnetic field in the basal 
plane, one would expect no energy gap along the < 10Î0 > direction because 
of the symmetry degeneracy. A small misalignment in crystal orientation, 
however, would be sufficient to destroy this effect. Then, at low fields, 
an open orbit in the < 0001 > direction exists and causes the magneto-
resistance to rise rapidly with field. When magnetic breakdown is com­
plete, only closed orbits are possible, and the magnetoreslstance should 
decrease in higher fields to a value different from the Initial resistivity 
in zero field. 
An extension of these magnetoreslstance measurements to higher 
magnetic fields will be quite useful in clarifying these points. 
The magnetoresistance results are in agreement with magnetoacoustlc 
measurements by Rayne (21). At magnetic fields of 2 to 3 kilogauss, for 
both q along the < 21Ï0 > direction and q along the < 1010 > direction, 
with the magnetic field in the basal plane, Rayne (21) found pronounced 
attenuation peaks which were Interpreted as resonance oscillations 
associated with open orbits along < 0001 > in the fourth zone of the 
single-zone model. Thus, there is no evidence of magnetic breakdown in 
fields of less than 2 to 3 kilogauss. 
For q along the < 0001 > direction, with the magnetic field in both 
the < 10Î0 > direction and the < 2ÎÏ0 > direction, a long period oscilla­
tion was reported which Rayne (21) associated with pockets of electrons 
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in the fifth and sixth zones. The corresponding extreraum dimension of 
this oscillation fits the approximate dimensions of a post. 
Priestley (22) has reported some preliminary pulsed-field de Haas-van 
Alphen measurements on thallium which can be interpreted to imply that 
magnetic breakdown does not occur over the hexagonal face of the Brillouin 
zone in magnetic fields less than about 50 kilogauss, in apparent disagree­
ment with the interpretation given here. Further experimental measurements 
will be needed to clarify this question. 
Dysprosium and Holmium 
Dysprosium and holmium are hep metals at room temperature. The 
lattice constants (76) for dysprosium are a = 3.592 X, c = 5.654 A, and 
for holmium are a = 3.576 A, c = 5.617 X. These values give (c/a) = 1.57 
for both metals, which is less than the ideal (c/a) = 1.63. The Debye 
temperatures (76) of dysprosium and holmium, determined from heat capacity 
measurements, are 158°K and 161°K, respectively. 
The increase of resistivity wfth decreasing temperature in the 
< 0001 > directions of dysprosium and holmium at the respective Neel 
temperatures has been explained by Mackintosh (23), Miwa (63), and Elliott 
and Wedgwood (62). The periodic exchange potential due to the helical 
spin structure introduces superzone planes into the Brillouin zone which 
distort the Fermi surface and increase the resistivity. Dysprosium 
changes into an orthorhombic structure (40), while holmium remains hep 
at the respective Curie temperatures. The observed orthorhombic transfor­
mation in dysprosium at its Curie temperature Involves linear distortions 
of + 0.2 per cent, - 0.5 per cent, and + 0.3 per cent in the < 2110 >, 
< 1010 >, and < 0001 > directions, respectively. However, this distortion 
involves no density change (see Fig. 33), and thus, there should be no 
appreciable volume change in the Fermi surface. It is unlikely, therefore, 
that the magnitudes of the observed discontinuities in the resistivity of 
dysprosium at its Curie temperature (Fig. 22) can be explained on the basis 
of the orthorhombic distortion alone. If corrections for this transfor­
mation are made to the measured values, there still is a discontinuity 
of approximately 6.4 per cent in the < 0001 > direction and approximately 
1.6 per cent in the basal plane directions. The magnetic ordering of 
dysprosium undergoes a first-order transition from helical to ferromag­
netic at its Curie temperature. The exchange energy gaps are the result 
of the periodicity of the helix spin structure and, thus, the energy gaps 
vanish discontinuously at the Curie temperature. There is also a discon­
tinuous change in the spin-wave spectrum at this temperature. From the 
behavior of the resistivity at the Neel temperature in the < 0001 > and 
the basal plane directions, it would appear that the principal mechanism 
for the discontinuity at the Curie temperature in the < 0001 > direction 
is the vanishing of the superzone planes, while in the basal plane 
directions, it is the discontinuous change in the spin-wave spectrum. 
Niira (77) has shown that magnetic anisotropy will introduce an 
energy gap in the spin-wave spectrum, and that the magnitude of the energy 
gap is given approximately by the geometrical mean of the axial anisotropy, 
K-, and the hexagonal anisotropy, K . Mackintosh (26) has fitted the low 
^ 6 
temperature behavior of the resistivity of terbium and dysprosium with the 
equation 
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P ^ ^ residual Plattice kT^ ' 
where is the temperature Independent impurity scattering, 
p is the low temperature phonon scattering estimated from the 
lattice 
temperature dependence of the resistivity of lutetium, which is not mag­
netic, bT^ exp[- is the low temperature spin-wave scattering, and A 
is the energy gap in the spin-wave spectrum. Mackintosh (26) was able to 
fit the experimental results with an estimate of ^  = 20°K. 
k 
Dysprosium is a simple ferromagnet at low temperatures, while 
holmium is a ferromagnetic spiral. Yoslmori (78) and Kaplan (66) have 
shown that the spin-wave dispersion law in ferromagnetic spirals is 
linear in q, while In a simple ferromagnet, it is quadratic in q. For 
this linear dispersion law. Mackintosh (26) has suggested that the low 
temperature spin-wave resistivity of holmlum should be proportional to 
T^exp[- . Attempts to fit the low temperature resistivity of holmlum 
to the equation 
P ° «residual " "lattice * A' 
have not been successful. The Curie temperature of holmium is rather low 
(20°K) compared to dysprosium (88°K), and the temperature dependence of 
the resistivity changes quite rapidly from to from 4.2°K to 20°K. 
A comparison of the low temperature resistivity of holmlum and dysprosium, 
however, indicates that the energy gap is much smaller for holmium than 
for dysprosium. The axial anisotropy, K^, can be evaluated from the 
difference between the perpendicular and the parallel paramagnetic Curie 
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temperatures (71). This gives a value of Kg for dysprosium which is 
about three times larger than that for holmium. The hexagonal anisotropy 
in dysprosium must be larger than that in holmium, since the hexagonal 
anisotropy stabilizes the simple ferromagnetic structure in dysprosium 
below its Curie temperature. If one assumes that the hexagonal anisotropy 
in dysprosium is twice as large as in holmium, this gives a value of 
^ ~ 8°K. 
k 
The problem of describing the magnetoresistance of dysprosium and 
holmium is quite different from that of thallium. Dysprosium and holmium 
are magnetically ordered below their respective Neel temperatures, and 
the excited states of these magnetically ordered systems can be described 
in terms of spin-waves. The two principal effects of the magnetic order 
are the spin-wave scattering of the conduction electrons and the distortion 
of the Fermi surface by the superzone planes. The effects of the superzone 
planes should only be Important for the < 0001 > direction and not for the 
basal plane directions, while spin-wave scattering of the conduction 
electrons occurs for all directions. 
The magnetic anisotropy in dysprosium and holmium produces an energy 
gap in the spin-wave spectrum which is both temperature and magnetic 
field dependent. The energy gap decreases with increasing temperature and 
vanishes at the temperature where the hexagonal anisotropy vanishes. The 
hexagonal anisotropy is proportional to the relative magnetization to the 
sixth power, and thus, the temperature dependence of the energy gap goes 
approximately as the relative magnetization to the sixth power. The 
application of a magnetic field in the hard hexagonal direction cancels 
part of the hexagonal anisotropy and decreases the energy gap, while a 
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magnetic field in the easy hexagonal direction increases the energy gap. 
At a temperature where spin waves are thermally excited, one would expect 
a positive magnetoresistance for the magnetic field applied in the hard 
hexagonal direction and a negative magnetoresistance for the magnetic 
field applied in the easy hexagonal direction. 
The transverse magnetoresistance measurements in the < 0001 > 
directions of dysprosium (Fig. 25) and holmium (Fig. 31) illustrate the 
effect of the superzone planes on the Fermi surface. Below the respective 
Curie temperatures, the moments in dysprosium are ferromagnetlcally 
aligned, and the moments in holmium lie on the surface of a cone. The 
application of a magnetic field in the < 2110 > direction in dysprosium 
simply lines up the domains in the direction of the applied magnetic field, 
and a 1 per cent negative magnetoresistance was observed. The application 
of a magnetic field in the < 10Ï0 > direction in holmium destroys the 
magnetic periodicity and aligns the moments along the field. Thus, the 
exchange energy gaps vanish, and a 32 per cent negative magnetoresistance 
was observed. Dysprosium has a spiral spin structure above its Curie 
temperature, and the application of a sufficiently high magnetic field 
aligns the moments along the field. In this case, a 15 per cent negative 
magnetoresistance was observed compared to 1 per cent in the ferromagnetic 
region. The maximum magnitudes of the magnetoresistance effect in the 
< 0001 > directions for dysprosium and holmium were 3 to 4 times larger 
than the magnitudes of the effect in the basal plane directions. 
It is difficult to interpret the longitudinal magnetoresistance 
measurements in the basal plane directions for dysprosium (Figs. 23, 24) 
and holmium (Figs. 27, 28, 29, 30). In terms of what has been said about 
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the magnetic field dependence of the energy gap in the spin-wave spectrum, 
one would expect different results for a magnetic field applied in the 
hard hexagonal direction compared with the easy hexagonal direction. 
There is no definite indication of any anisotropy in the experimental 
results. The apparent anisotropy for the basal plane directions in 
dysprosium is due primarily to magnetostriction effects, for which no 
corrections have been made to the plotted values. Sharp changes of 
magnetoresistance were observed at the critical fields where the magnetic 
structure undergoes a first-order transition and the spin-wave spectrum 
changes discontinuously. 
The results for dysprosium are in general agreement with the schematic 
phase diagram shown in Fig. 12. There is no indication of any possible 
stable intermediate magnetic states in the experimental results. A 
positive magnetoresistance was observed in the helix phase and a negative 
magnetoresistance in the ferromagnetic phase. The experimental changes 
in the magnetoresistance were not discontinuous at the critical fields. 
This is probably due to demagnetizing effects. 
The results for holmium are in general agreement with the schematic 
phase diagram shown in Fig. 13, except for the cone plus ferro to ferro 
and the helix plus ferro to ferro first-order transitions at lower 
temperatures. There is no indication in the experimental results of these 
first-order transitions, and this is in agreement with magnetization 
measurements. However, there is an indication of these transitions in 
the magnetostriction measurements on holmium. At higher temperatures, 
the magnetoresistance increased sharply at the critical fields where the 
helix structure distorts into a fan structure, and this is also in 
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agreement with magnetization measurements. 
Magnetization measurements on dysprosium and holmium single crystals 
at lower temperatures have shown that, even with a magnetic field of 20 
kilogauss applied along the hard hexagonal direction, the magnetic 
moments lie along the easy hexagonal directions located 30° on either side 
of the field direction. This implies that the hexagonal anisotropy field 
is much greater than 20 kilogauss, and thus, the magnetic field dependence 
I 
of the energy gap in the spin-wave spectrum may be quite small at lower 
temperatures. This may account for the fact that there is no observable 
anisotropy in the basal plane measurements. 
The temperature dependence of the magnitude of the magnetoresistance 
effect is not fully understood at the present time. Another puzzling 
feature of the results is the much larger longitudinal magnetoresistance 
effect observed for holmium than for dysprosium. One possible reason may 
be that, since holmium has a smaller energy gap in the spin-wave spectrum, 
more spin-waves are excited in holmium at a given temperature, and thus, 
there is a larger effect at the critical field where the spin-wave 
spectrum changes discontinuously. 
Further experimental and theoretical work are needed to clarify the 
results of these measurements. Some suggested experiments which would 
be helpful in this regard are: 
1. extension of these measurements to higher magnetic fields. 
This can give information about the magnitude of the hexagonal 
anisotropy field. 
2. extension of these measurements to other rare earth metals. 
This can give information about the magnetic field dependence 
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of the spin-wave scattering from different magnetic structures-
3. inelastic neutron scattering. This experiment can determine 
the actual spin-wave spectrum in detail. 
4. direct experimental observation of the shape of the Fermi surface. 
Until higher purity rare earth metals are available, positron 
annihilation studies on single crystals are the only practical 
experiments. 
Further theoretical work is needed to determine: 
1. spin-wave spectrum for the different magnetic phases. 
2. temperature and magnetic field dependence for the scattering of 
electrons by spin-waves. 
3. effects of the exchange energy gaps on the resistivity in the 
basal plane directions. Although It has been assumed that the 
exchange energy gaps do not affect the resistivity in the basal 
plane directions, Yosida and Watabe (79) and Elliott and Wedgwood 
(80) have found that the superzone plane which stabilizes the 
magnetic ordering at a given temperature is the (1122) plane. 
This plane touches the Fermi surface at an angle to both the 
< 0001 > and the basal plane directions. The application of a 
magnetic field changes the magnetic ordering and there should be 
an effect on the resistivity In the basal plane directions. 
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APPENDIX 
Discussion of Errors 
The resistance, R, of the sample was determined from the equation, 
R = V/l, where V is the potential difference between the measuring leads 
and I is the measuring current through the sample. The estimated error 
in the resistance is given by 
+ • 
For the thallium measurements, the stability of the current was one 
part in 10^ over a half-hour period. This was sufficient time for a set 
of measurements, so the estimated error in current was taken to be 0.1 
per cent. The potential difference was measured with a Kelthley, model 
149, millimicrovoltmeter which had an estimated error of two per cent of 
full scale on all ranges and a stability of 0.03 microvolt per eight hour 
period. Thus, the estimated error in the measurement of the resistance 
of the sample is two per cent. 
The error in the measurement of the Intensity of the imagnetlc field 
was one per cent. The crystallographic orientations of the samples were 
determined to within one degree. The perpendicular alignment of the 
samples in the magnetic field is estimated to be within two degrees. 
For the rare earth measurements, a current of either 100 or 150 
milliamperes was used. The current was maintained constant to 0.01 
railliampere, so the estimated error In current is 0.01 per cent or less. 
The potential difference was measured with a Rubicon, model 2772, 
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potentiometer which could be read to 0.002 microvolt from 0 to 100 micro­
volts i and to 0.02 microvolt from 100 to 1000 microvolts. Because of 
internal thermal emfs, the error in the absolute value of the emf is stated 
as 0.01 microvolt and 0.05 microvolt, respectively, for the two ranges. 
However, the smooth nature of the measured resistance values indicates 
that the error is much less than this over short periods of time. Thus, 
an error of 0.005 microvolt and 0.03 microvolt, respectively, was assumed. 
The measured potentials varied from 10 microvolts to 300 microvolts, so 
that errors in the potential varied from 0.05 per cent to 0.01 per cent. 
The estimated error in the measurement of the resistance of the sample, 
therefore, varies from 0.05 per cent at low temperatures to 0.02 per cent 
at high temperatures. Resistivity values were determined from resistance 
values by Equation 6. This procedure can introduce an absolute error in 
the resistivity values which is estimated to be one per cent. 
The error In the measurement of the intensity of the magnetic field 
was one per cent. The crystallographic orientations of the samples were 
determined to within one degree. The parallel and the perpendicular 
alignment of the samples in the magnetic field is estimated to be within 
two degrees. 
Temperatures were measured with a gold-iron vs. copper thermo­
couple at low temperatures, and a constantan vs. copper thermocouple at 
high temperatures. The thermocouples were checked at several liquid bath 
temperatures and a correction was applied to existing thermocouple tables. 
Temperatures were estimated to be accurate to + 0.1°K from 4.2°K to 35°K 
and to + 0.2°K from 35°K to 300°K. The temperature of each isotherm was 
maintained within + 0.1°K or less by the temperature controller. 
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The raagnetoresistance ratio, , was determined from the measured 
P 
resistance values as a function of applied magnetic field. Let fj, = R(H) , 
fo = R(0), and f = ^  = — , then the estimated error in the magneto-
^ P R 
resistance ratio is given by 
2 - t ^  
Af = j 
f L 
The estimated error in the resistance varied from 0.05 per cent at low 
temperatures to 0.02 per cent at high temperatures. Thus, the estimated 
error in the magnetoresistance ratio varies from 0.07 per cent at low 
temperatures to 0.03 per cent at high temperatures. 
No corrections have been made for magnetostriction effects to the 
measured magnetoresistance. These effects can be taken into account by 
the equation 
A_û. = \ - ^ + (ly) 
P V ^ / measured ^ ^ 
where L is the length of the sample and A is the cross-sectional area. 
Magnetostriction effects are significant only for the longitudinal mag­
netoresistance effect in dysprosium at 4.2°K. At higher temperatures for 
this case, and for all the other measurements, magnetostriction effects 
can be neglected. 
Tabulation of Specimen Impurities in Dysprosium and Holmium 
Pieces of the crystals from which the specimens were cut have been 
analyzed for impurities by spectrographlc and vacuum fusion methods. The 
results are shown in Tables 3 and 4. 
100 
Table 3. Impurities in the dysprosium samples 
Type of analysis Impurity Content (ppm) 
Vacuum fusion Og 937 
Hg 3 
N2 11 
Spectrographic Ca < 30 
Fe 600 
Ta < 400 
M g  < 5 0  
Si < 20 
Cr 50 
Ni 100 
Al 30 
Ho < 100 
Er < 50 
Gd < 200 
Tb < 1000 
Y  < 1 0  
Yb, Cu Faint trace 
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Table 4. Impurities in the holmium samples 
Type of analysis Impurity Content (ppm) 
Vacuum fusion Og 58 
Hg 11 
Spectrographic Ca < 300 
Fe 75 
Ta < 500 
M g  < 5 0  
Si < 50 
Tra < 500 
Er < 500 
Dy < 150 
Yb < 50 
Y < 200 
Al, B, Na, Pb Faint traces 
Tabulation of Dysprosium Data 
Tables 5 through 10 are a tabulation of the experimental data for 
dysprosium. Temperatures in parentheses in Tables 8 through 10 are 
annealing temperatures. 
Tabulation of Holmium Data 
Tables 11 through 16 are a tabulation of the experimental data for 
holmium. Temperatures in parentheses in Tables 14 through 16 are anneal 
ing temperatures. 
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Table 5. Experimental data for electrical resistivity of dysprosium in 
< 2Î10 > direction as a function of temperature 
T P-Pres T P'Pres T P"Pres 
(°K) (n ohm-cm) (°K) (|i ohm-cm) (°K) (to. ohm-ci 
(C = .07823, Près ~ 9.58 |i ohm-cm) 
4.2 .00 77.9 28.06 217.2 94.76 
4.8 .00 81.0 29.74 225.8 96.16 
5.5 .00 38.5 31.06 235.1 97.66 
6.3 .00 85.5 32.19 244.5 99.17 
7.1 .00 86.7 32.86 253.4 100.53 
8.0 .01 87.5 33.25 262.0 101.87 
8.9 .02 88.1 33.64 270.7 103.22 
9.7 .03 88.7 34.80 280.9 104.78 
10.8 .07 89.2 35.08 287.2 105.60 
11.7 .11 90.3 35.70 294.6 106.68 
13.0 .18 93.0 37.10 300.5 107.60 
14.2 .30 96.6 38.98 
15.3 .39 103.7 42.66 
16.6 .58 111.0 46.67 
18.0 .82 118.5 50.85 
20.6 1.35 125.5 54.96 
22.9 1.90 132.7 59.33 
24.7 2.42 141.3 64.86 
26.3 2.93 150.4 70.88 
28.6 3.79 158.8 76.81 
31.0 4.73 167.6 82.68 
34.1 5.91 166.2 81.79 
36.6 6.91 170.8 84.77 
39.8 8.38 173.5 86.43 
43.8 10.31 175.4 87.42 
47.5 12.01 176.8 88.11 
50.8 13.63 178.2 88.62 
54.8 15.72 178.8 88.67 
51.9 14.29 179.9 88.91 
53.1 14.90 180.3 88.94 
54.7 15.73 181.9 89.21 
56.6 16.79 183.6 89.46 
60.1 18.65 190.6 90.59 
65.2 21.33 199.4 91.98 
70.6 24.16 208.1 93.45 
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Table 6. Experimental data for electrical resistivity of dysprosium 
in < 10Ï0 > direction as a function of temperature 
T 
(OK) 
P-Pres 
Cia ohm-cm) 
T 
(°K) 
T 
(°K) P-Pre (H ohm-1 
(C = .05979, Près ~ ^ '77 p. ohm-cm) 
4.2 .03 59.3 17.47 167.3 79.72 
5.6 .02 63.0 19.31 171.8 82.60 
6.2 .00 67.0 21.35 175.1 84.46 
6.7 .02 70.0 22.87 176.3 85.02 
7.4 .03 73.1 24.43 176.8 85.24 
8.1 .03 76.2 26.06 177.7 85.65 
8.9 .04 79.1 27.70 178.4 87.24 
9.8 .06 81.0 28.57 179.1 86.07 
10.5 .07 83.3 29.72 179.5 86.11 
11.2 .10 84.5 30.29 180.2 86.27 
11.9 .14 85.5 30.82 181.3 86.43 
12.6 .17 87.0 31.61 182.4 86.53 
13.5 .24 87.7 31.97 184.4 86.87 
15.2 .41 88.6 32.46 187.0 87.26 
16.1 .53 89.5 33.94 191.6 87.96 
17.0 . 66 90.6 34.46 195.9 88.62 
18.1 .85 91.8 35.03 202.3 89.70 
19.3 1.06 93.6 35.98 208.8 90.64 
20.2 1.26 95.9 37.13 214.9 91.59 
21.7 1.59 98.9 38.61 223.2 92.85 
23.2 1.98 102.4 40,43 230.4 93.95 
25.3 2.54 105.9 42.14 237.3 94.93 
26.6 2.99 107.0 42.77 245.2 96.12 
28.5 3.61 111.1 44.99 252.0 97.09 
30.3 4.26 115.5 47.28 258.6 98.04 
32.1 4.97 119.6 49.58 265.9 99.16 
34.2 5.80 124.1 52.17 273.3 100.17 
37.6 7.23 128.4 54.68 278.5 100.93 
40.9 8.74 133.1 57.51 283.1 101.58 
44.2 10.25 138.4 60.71 285.5 101.94 
47.6 11.69 143.2 63.83 290.1 102.80 
50.6 13.06 147.9 66.79 295.0 103.56 
53.0 14.24 152.4 69.73 296.5 103.76 
52.0 13.67 157.1 -"^y2.91 298.5 104.00 
54.8 15.11 162.4 76.53 300.4 104.28 
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Table 7. Experimental data for electrical resistivity of dysprosium in 
< 0001 > direction as a function of temperature 
T 
(°K) 
P-Pres 
(p. ohm-cm; 
T 
(°K) 
P-Pres 
(p ohm-cm) 
T 
(°K) 
P-Pre 
(n ohm-i 
(C = .09094, Près ~ 7.00 |i ohm-cm) 
4.8 .01 46.6 11.17 106.9 50.07 
5.3 .01 49.0 12.16 110.4 52.50 
6.0 .01 51.7 13.39 113.5 54.67 
6.7 .01 53.3 14.20 117.3 57.62 
7.4 .00 48.8 12.24 120.2 59.58 
8.2 .01 50.9 13.17 123.1 61.67 
8.9 .06 55.0 15.25 126.2 63.73 
9.7 .03 56.9 16.21 129.3 65.96 
10.5 .05 59.5 17.48 132.5 68.11 
11.4 .10 62.5 19.07 135.5 70.31 
12.2 .13 65.1 20.43 138.7 72.48 
13.2 .19 67.9 21.87 141.8 74.49 
13.9 .26 70.6 23.29 144.8 76.41 
14.8 .33 73.4 24.71 147.9 78.21 
15.9 .51 76.4 26.88 151.7 80.51 
16.9 .61 79.1 27.68 154.8 82.15 
17.6 .72 81.6 28.95 156.4 82.7-
18.3 .83 83.4 29.96 158.0 83.57 
19.3 .99 84.2 30.66 159.6 84.25 
20.5 1.29 84.8 31.30 161.4 84.62 
21.4 1.50 85.1 31.67 162.8 84.78 
22.3 1.71 85.5 32.29 163.7 84.86 
23.1 1.91 86.0 32.85 165.8 84.95 
24.0 2.16 86.4 33.53 167.0 84.94 
25.0 2.43 87.1 34.02 168.5 84.86 
26.4 2.87 88.2 35.28 170.1 84.61 
27.7 3.31 89.5 38.83 171.7 84.13 
29.1 3.79 90.5 39.76 173.2 83.59 
30.4 4.34 91.5 40.46 174.8 82.67 
32.6 5.18 92.8 41.25 176.4 81.58 
35.5 6.35 94.0 41.99 178.0 80.12 
37.7 7.28 95.5 42.99 178.9 79.11 
39.8 8.19 97.3 44.15 180.3 77.24 
41.6 9.01 100.2 45.83 181.7 74.33 
44.1 10.11 103.7 48.01 182.7 73.05 
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Table 7. (Continued) 
(°K) P-Pres (n ohm-cm) 
T 
(°K) P-Pres (H ohm-cm) 
T 
(°K) (H ohm-cm) 
183.6 72.80 
184.7 72.41 
185.6 72.24 
186.7 72,03 
187.7 71.88 
189.0 71.73 
190.3 71.62 
192.1 71.43 
193.7 71.29 
195.6 71.23 
197.4 71.18 
199.4 71.15 
201.8 71.11 
204.2 71.13 
206.6 71.15 
209.7 71.26 
212.8 71.33 
216.1 71.54 
220.3 71.73 
224.8 71.88 
229.9 72.22 
236.9 72.66 
243.4 73.05 
250.2 73.57 
256.5 74.08 
263.1 74.58 
270.1 75.22 
276.7 75.76 
283.5 76.30 
291.6 77.53 
297.8 78.09 
301.6 78.50 
Table 8. Experimental data for transverse magnetoresistance of dysprosium 
in < 0001 > direction as a function of temperature (applied 
magnetic field in < 2110 > direction) 
H (KG) Am % 10^ H (KG) ^ X 10^ H (KG) ^ x 10^ 
P p P 
4.2°K (300°K) 6.5 - .53 19.0 -1.00 
7.0 - .58 20.0 -1.08 
.75 - .06 7.5 - .54 20.5 -1.08 
1.0 - .22 8.0 , - .56 
1.25 - .27 8.5 - .53 77.4°K (300°K) 
1.5 - .35 9.0 - .56 
2.0 - .39 10.0 - .51 .9 - .09 
2.5 - .40 11.0 - .51 1.0 - .11 
3.0 - .43 12.0 - • 65 1.5 - .14 
3.5 - .48 13.0 - .76 2.0 - .21 
4.0 - .46 14.0 - .76 2.25 - .23 
4.5 - .56 15.0 - .83 2.5 - .24 
5.0 - .56 16.0 - .93 2.75 - .23 
5.5 - .58 17.0 - .95 3.0 - .24 
6.0 - .55 18.0 -1.00 3.5 - .25 
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Table 8. (Continued) 
H (KG) 4x1 X 10^ 
p 
H (KG) 4a X 10% 
P 
H (KG) 4û X 10% p 
4.0 - .27 117.5°K (264°K) 16.0 -10.87 
4.5 - .31 17.0 -11.90 
5.0 - .33 2.0 .03 18.0 -12.81 
6.0 - .36 2.5 .03 19.0 -13.48 
8.0 - .40 3.0 .04 20.0 -13.89 
9.0 - .40 3.5 .04 20.5 -14.06 
12.0 - .49 4.0 .00 
15.0 - .61 4.25 - .03 148.6°K (245°K) 
18.0 - .65 4.5 - .05 
20.0 - .80 5.0 - .36 9.0 .01 
20.5 - . 84 5.5 - .90 10.0 - .01 
6.0 -1.43 10.5 - .27 
9I.40K (260°K) 7.0 -2.66 10.75 - .43 
8.0 -3.84 11.0 - .63 
.8 ,00 9.0 -4.99 11.25 - .80 
1.0 - .02 10.0 -6.19 11.5 -1.01 
1.2 - .02 11.0 -7.31 11.75 -1.18 
1.5 - .14 12.0 -8.48 12.0 -1.44 
1.75 - .41 13.0 -9.38 12.5 -1.84 
2.0 - .80 14.0 -10.55 13.0 -2.24 
2.5 -1.58 15.0 -11.46 13.5 -2.70 
3.0 -2.29 16.0 -12.44 14.0 -3.10 
3.5 -2.97 17.0 -13.30 14.5 -3.62 
4.0 -3.60 18.0 -13.87 15.0 -4.07 
4.5 -4.33 19.0 -14.22 16.0 -4.95 
5.0 -4.99 20.0 -14.47 17.0 -5.84 
5.5 -5.60 20.5 -14.56 18.0 -6.68 
6.0 -6.21 19.0 -7.55 
7.0 -7.48 128.7°K (300°K) 20.0 -8.45 
8.0 -8.56 20.5 -8.85 
9.0 -9.74 3.0 .11 
10.0 -10.76 4.0 .19 169.5°K (260OK) 
11.0 -11.64 5.0 .22 
12.0 -12.47 5.5 .20 9.0 .08 
13.0 -13.06 6.0 .09 10.0 .04 
14.0 -13.66 6.5 - .07 10.5 .05 
15.0 -14.13 7.0 - .32 11.0 .02 
16.0 -14.32 8.0 -1.68 11.5 .03 
17.0 -14.48 9.0 -2.87 12.0 - .07 
18.0 -14.56 10.0 -4.06 12.5 - .27 
19.0 -14.68 11.0 -5.20 13.0 - .53 
20.0 -14.76 12.0 -6.33 14.0 -1.55 
20.5 -14.80 13.0 -7.45 15.0 -2.65 
14.0 -8.60 16.0 -3.81 
15.0 -9.79 17.0 -5.00 
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Table 8. (Continued) 
H (KG) X 10% H (KG) 4û X 10  ^ H (KG) ûa X 10% 
P P p 
18.0 -5.96 13.0 - .72 181.4°K (265°K) 
19.0 -6.91 13.5 -1.23 
20.0 -7 .66 14.0 -1.75 9.0 -1.15 
20.5 -7.85 14.5 -2.35 10.0 -1.71 
15.0 -3.04 11.0 -2.32 
174.3°K (265°K) 16.0 -4.31 12.0 -3.34 
17.0 -5.47 13.0 -4.51 
9.0 - .08 18.0 -6.38 14.0 -5.21 
9.5 - .14 19.0 -6.92 15.0 -5.40 
10.0 - .15 20.0 -7.30 16.0 -5.60 
10.5 - .17 20.5 -7.61 17.0 -5.78 
11.0 - .18 18.0 -5.94 
11.5 - .18 19.0 -6.17 
12.0 - .36 20.0 -6.35 
12.5 - .42 20.5 -6.48 
Table 9. Experimental data_for longitudinal magnetoresistance of 
dysprosium in < 2110 > direction as a function of temperature 
H (KG) 4û X 10^ 
P 
H (KG) 4ii X 10^ 
P 
H (KG) 4a X 10^ p 
4.2°K (300°K) 20.0 .43 18.0 -2.01 
20.5 .43 20.0 -2.20 
.8 .01 20.5 -2.26 
1.0 .04 77.5°K (300°K) 
1.2 .16 93.1°K (300°K) 
1.5 .30 1.0 - .26 
2.0 .44 2.0 - .74 1.0 - .16 
2.5 .47 3.0 - .77 1.5 -1.16 
3.0 .51 4.0 - .83 2.0 -2 10 
4.0 .57 5.0 - .93 2.5 -2.23 
5.0 .59 6.0 - .97 3.0 -2.34 
6.0 .59 7.0 -1.07 4.0 -2.44 
8.0 .55 8.0 -1.13 6.0 -2.68 
10.0 .55 9.0 -1.25 8.0 -2.90 
12.0 .55 10.0 -1.35 ' 10.0 -3.13 
14.0 .54 12.0 -1.52 12.0 -3.33 
16.0 .49 14.0 -1.68 14.0 -3.50 
18.0 .47 16.0 -1.85 16.0 -3.74 
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Table 9. (Continued) 
H (KG) 4a X 10% 
P 
H (KG) 4û X 10^ 
P 
H (KG) X ic 
p 
18.0 -3.90 138.5°K (245°K) 10.0 .76 
20.0 -4.13 11.0 1.06 
20.5 -4.17 4.0 .08 11.5 .88 
6.0 .21 12.0 .71 
104.6°K (256°K) 7.0 .32 14.0 - .01 
7.5 .96 16.0 - .76 
1.0 .10 8.0 1.82 18.0 -1.63 
1.5 .11 8.5 1.57 20.0 -2.47 
2.0 .06 9.0 1.03 20.5 -2.64 
2.5 - .23 10.0 .06 
3.0 - .78 12.0 - .75 
4.0 -1.31 14.0 -1.14 
5.0 -1.46 16.0 -1.42 
6.0 -1.46 18.0 -1.66 
8.0 -1.77 20.0 -1.98 
10.0 -2.02 20.5 -2.12 
12.0 -2.21 
(240°K) 14.0 -2.40 157.0OK 
16.0 -2.60 
18.0 -2.86 4.0 .00 
20.0 -3.13 6.0 .15 
20.5 -3.13 8.0 
10.0 
.23 
.53 
121°K (190°K) 10.5 
11.0 
.93 
1.17 
2.0 .01 11.5 .94 
4.0 .14 12.0 .68 
4.5 .15 14.0 - .21 
5.0 .08 16.0 -1.17 
5.5 - .09 18.0 -2.16 
6.0 - .22 20.0 -2.69 
8.0 - .52 20.5 -2.76 
10.0 - .86 
12.0 -1.13 170.6°K (240°K) 
14.0 -1.33 
16.0 -1.61 2.0 .01 
18.0 -1.91 4.0 .14 
20.0 -2.15 6.0 .29 
20.5 -2.27 8.0 .43 
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Table 10. Experimental data for longitudinal magnetoresistance of 
dysprosium in < 1010 > direction as a function of temperature 
H (KG) 4û X 10% 
P 
H (KG) ^ X 10^ H (KG) ^ X 10% 
4.2°K (300°K) 20.5 - .86 20.5 -2.00 
1.0 .06 109.8°K (300°K) 142.9°K (250°K) 
2.0 .26 
3.0 .19 1.0 .07 1.0 - .01 
4.0 .16 2.0 .24 2.0 - .01 
5.0 .15 3.0 .18 3.0 - .04 
6.0 .15 4.0 - .43 4.0 .02 
7.0 .14 5.0 • 62 5.0 .01 
8.0 .15 6.0 - .93 6.0 .05 
9.0 .16 7.0 -1.01 7.0 .18 
10.0 .19 8.0 -1.08 8.0 .80 
11.0 .21 9.0 -1.22 9.0 1.84 
12.0 .24 10.0 -1.32 10.0 1.15 
13.0 .22 11.0 -1.38 % - • .31 
14.0 .22 12.0 -1.51 x2.0 - .33 
16.0 .23 13.0 -1.69 13.0 - .72 
18.0 .22 14.0 -1.82 14.0 - .96 
20.0 .25 15.0 -1.97 15.0 -1.19 
20.5 .24 16.0 -2.06 16.0 -1.40 
17.0 -2.23 17.0 -1.62 
77.4°K (300°K) 18.0 -2.33 18.0 -1.79 
19.0 -2.47 19.0 -2.01 
1.0 - .16 20.0 -2.61 20.0 -2.16 
2.0 - .41 20.5 -2.71 20.5 -2.23 
3.0 - .57 
(300°K) 4.0 - . 68 124.6°K 161.2°K (260°K) 
5.0 - .74 
6.0 - .82 1.0 - .01 2.0 .09 
7.0 - .86 2.0 .00 4.0 .16 
8.0 - .89 3.0 . .14 6.0 .25 
9.0 - .93 4.0 .18 8.0 .35 
10.0 - .94 5.0 .34 10.0 .56 
11.0 - .96 6.0 .38 12.0 .99 
12.0 - .96 7.0 .10 14.0 .06 
13.0 - .92 8.0 - .11 16.0 - .88 
14.0 - .92 9.0 - .34 18.0 -1.88 
15.0 - .91 10.0 - .45 20.0 -2.60 
16.0 - .87 12.0 - .78 
17.0 - .84 14.0 -1.05 
18.0 - *84 16.0 -1.36 
19.0 - .84 18.0 -1.67 
20.0 - . 84 20.0 -1.94 
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Table 11. Experimental data for electrical resistivity of holmium in 
< 2110 > direction as a function of temperature 
T P-Pres P-Pres P-Pres 
(°K) (p. ohm-cm) ( K) (p. ohm-cm) ( K) (p, ohm-cm) 
(C = .04303, pj-es ~ 2.84 n ohm-cm) 
4.2 .00 76.5 28.25 300.1 91.18 
4.3 .01 78.9 29.70 
5.2 .02 83.7 32.51 
6.6 .06 89.8 36.17 
7.7 .11 97.7 40.60 
9.1 .22 104.6 44.95 
10.1 .34 112.0 49.51 
11.5 .54 121.9 55.41 
13.4 .89 123.4 56.34 
14.5 1.16 127.7 58.54 
15.7 1.45 130.8 59.72 
16.8 1.77 131,5 59.87 
17.9 2.11 132.4 60.09 
19.9 2.74 132.9 60.20 
19.0 2.50 134.1 60.39 
19.7 2.71 135.8 60.74 
20.1 2.84 138.0 61.17 
20.5 2.99 143.7 62.16 
21.7 3.35 152.5 63.92 
23.3 3.94 161.3 65.61 
24.1 4.23 170.1 67.27 
25.8 4.80 179.0 68.97 
27.5 5.44 187.9 70.62 
30.8 6.68 197.0 72.28 
34.2 8.00 205.5 73.86 
39.3 10.13 216.9 80.27 
44.7 12.45 226.9 77.76 
49.4 14.39 237.0 79.57 
54.6 16.84 247.4 81.45 
51.3 15.36 257.4 83.22 
53.4 16.31 267.7 84.98 
56.9 18.19 278.2 86.72 
61.8 20.53 289.3 88.58 
67.0 23.22 296.8 90.06 
71.5 25.55 298.2 20.92 
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Table 12. Experimental data for electrical resistivity of holmium in 
< lOlO > direction as a function of temperature 
T P-Pres p-pres ^ P-Pres 
( K) (p. ohm-cm) ( K) (|i ohm-cm) ( K) (|i ohm-cm) 
(C = .02989, Près 2.76 n ohm-cm) 
4.2 .00 42.1 11.49 132.1 61.34 
4.5 .00 45.0 12.75 132.9 61.53 
4.7 .00 48.5 14.20 133.4 61.60 
5.5 .02 52.4 15.98 133.8 61.71 
6.1 .04 54.8 17.15 134.6 61.88 
6.6 .05 58.6 19.31 135.9 62.11 
7.2 .08 61.7 20.81 137.9 62.49 
8.0 .11 65.2 22.64 141.9 63.30 
9.7 .34 67.9 24.07 149.3 64.77 
10.1 .39 66.1 23.31 157.2 66.24 
10.6 .46 68.3 24.43 166.7 68.03 
11.1 .54 71.8 26.38 177.7 70.07 
11.7 .63 74.1 27.64 188.8 72.12 
12.3 .74 77.4 29.58 200.3 74.29 
13.3 .93 80.4 31.15 211.5 76.35 
13.8 1.07 82.8 32.48 222.6 78.41 
14.4 1.20 86.3 34.49 235.8 81.02 
15.2 1.39 88.9 36.09 246.0 82.85 
16.0 1.60 92.7 38.34 257.1 84.90 
16.8 1.82 96.0 40.33 268.5 86.83 
17.6 2.06 99.5 42.36 276.5 88.17 
18.4 2.29 103.1 44.45 289.8 21.11 
19.0 2.45 107.0 46.75 293.4 91.69 
19.6 2.64 110.8 49.06 295.9 92.19 
20.0 2.81 114.8 51.65 297.2 92.41 
20.5 2.99 119.1 54.46 298.6 92.61 
21.4 3.41 120.9 55.62 
22.1 3.55 122.4 56.54 
23.1 3.88 124.1 57.51 
23.6 4.15 126.7 58.98 
25.1 4.65 128.8 60.03 
27.0 5.32 129.7 60.46 
30.0 6.52 130.6 60.84 
33.8 7.99 131.2 61.05 
37.7 9.56 131.7 61.22 
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Table 13. Experimental data for electrical resistivity of holmium in 
< 0001 > direction as a function of temperature 
T 
(°K) 
P-Pres 
(p. ohm-era) 
T 
(°K) 
P-Pres 
(p. ohm-cm) 
T 
(°K) 
P-Pre 
(p. ohm-' 
(C = .1 32776, ppgg = 4.67 p. ohm-cm) 
4.2 .00 55.5 18.71 148.2 39.59 
4.7 .01 53.6 18.07 154.6 39.89 
5.2 .03 57.5 20.12 160.7 40.26 
5.9 .06 61.5 22.20 170.3 40.92 
6.8 .13 67.0 25.15 183.2 41.92 
7.7 .22 74.2 29.07 196.6 43.12 
8.7 .35 81.4 33.26 212.8 44.67 
9.8 .53 86.4 36.08 231.8 46.44 
10.9 .76 94.1 40.27 252.3 48.55 
11.6 .90 98.9 42.48 272.3 50.71 
12.7 1.22 106.4 45.07 297.2 53.34 
13.6 1.46 111.0 46.15 
14.6 1.76 113.1 46.47 
16.9 2.58 114.7 46.60 
18.0 2.98 116.0 46.67 
18.7 3.31 116.9 46.67 
19.3 3.52 117.7 46.64 
19.8 3.68 118.8 46.57 
20.1 3.78 120.3 46.39 
20.3 3.87 122.8 45.78 
20.7 . 4.00 123.6 45.50 
21.2 4.18 125.0 44.96 
21.7 4.36 127.1 43.61 
22.3 4.59 128.3 42.82 
23.0 4.86 130.3 40.64 
24.0 5.23 131.8 39.73 
25.6 5.83 132.7 39.61 
28 JJ 6.77 133.9 39.51 
31.1 8.00 135.3 39.43 
34.7 9.49 136.4 39.39 
34.9 9.49 137.8 39.38 
38.4 10.99 139.0 39.38 
43.1 13.05 141.1 39.39 
47.5 14.91 142.5 39.39 
52.0 16.92 144.9 39.46 
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Table 14. Experimental data for transverse magnetoresistance of holmiui 
in < 0001 > direction as a function of temperature (applied 
magnetic field in < 1010 > direction) 
H (KG) X 10% H (KG) X 10^ H (KG) X 10% 
P P P 
4.2°K (300°K) 7.0 -13.18 19.0 -39.06 
8.0 -16.20 ' 20.0 -39.89 
.5 - .13 9.0 -19.06 20.5 -40.07 
1.0 - .21 10.0 -22.02 
1.5 - .77 11.0 -24.59 ' 25.6°K (53°K) 
2.0 -1.73 12.0 -26.88 
2.5 -2.73 13.0 -29.26 .5 - .14 
3.0 •'-3.83 14.0 -31.36 1.0 - .23 
3.5 -5.00 15.0 -33.06 2.0 - .21 
4.0 -6.51 16.0 -34.78 3.0 - .16 
4.5 -7.60 17.0 -36.26 4.0 - .33 
5.0 -8.86 18.0 -37.05 5.0 - .56 
5.5 -9.99 19.0 -37.38 5.5 -1.08 
6.0 -11.12 20.0 -37.56 6.0 -2.09 
7.0 -13.64 20.5 -37.58 6.5 -3.38 
8.0 -16.08 7.0 -4.68 
9.0 -18.14 18.8°K (51°K) 8.0 -7.43 
10.0 -20.34 9.0 -9.98 
11.0 -22.25 .5 .00 10.0 -12.53 
12.0 -24.30 1.0 .00 11.0 -15.11 
13.0 -25.95 1.5 .00 12.0 -17.11 
14.0 -27.61 2.0 - .19 13.0 -19.55 
15.0 -29.18 2.5 - .22 14.0 -21.80 
16.0 -30.61 3.0 - .32 15.0 -24.01 
17.0 -31.41 3.5 - .51 15.5 -25.15 
18.0 -31.62 4.0 -1.18 16.0 -26.22 
19.0 -31.67 4.5 -2.66 16.5 -27.41 
20.0 -31.71 5.0 -3.89 17.0 -28.29 
6.0 -6.86 17.5 -29.55 
ll.lOR (300°K) 7.0 -10.26 18.0 -30.38 
8.0 -13.27 18.5 -31.22 
.5 - .17 9.0 -16.18 19.0 -32.40 
1.0 - .14 10.0 -19.09 20.0 -33.95 
1.4 - .27 11.0 -22.16 20.5 -35.20 
1.6 - .44 12.0 -24.46 
(54°K) 1.8 - .55 13.0 -27.04 42.2°K 
2.0 - .76 14.0 -29.18 
3.0 -2.10 15.0 -31,73 3.0 .14 
4.0 -4.45 16.0 -33.83 4.0 .20 
5.0 -7.37 17.0 -36.18 6.0 .26 
6.0 -10.18 18.0 -37.97 8.0 .55 
Table 14. (Continued) 
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H (KG) 4a X 10^ H (KG) x 10^ H (KG) ùa x 10% 
P P P 
10.0 1.03 16.0 4.24 19.0 .56 
12.0 1.81 17.0 4.02 19.5 - .45 
13.0 2.80 17.5 3.40 20.0 -1.71 
14.0 3.35 18.0 2.65 20.5 -2.84 
15.0 3.90 18.5 1.46 
Table 15. Experimental data for longitudinal magnetoresistance of 
holmium in < 2110 > direction as a function of temperature 
H (KG) 4û X 10% H (KG) 4û X 10% H (KG) 4a X 10 
P P p 
4.2°K (300°K) 16.0 2.44 8.8°K (54°K) 
18.0 2.46 
.2 - .12 20.0 2.38 .2 - .11 
.4 - .24 20.5 2.31 .4 - .11 
.6 - .28 .6 - .19 
.8 - .34 6.7°K (300°K) .8 - .29 
.9 - .34 1.0 - .53 
1.0 .09 .2 .03 1.2 - .61 
1.1 .54 .4 .13 1.5 - .86 
1.2 1.14 .6 .30 2.0 -1.08 
1.4 1.63 .8 .37 3.0 -1.12 
1.8 1.72 1.0 1.04 4.0 -1.15 
2.0 1.66 1.2 1.01 5.0 -1.18 
3.0 1.72 1.5 1.07 6.0 -1.10 
4.0 1.96 3.0 1.11 8.0 -1.12 
4.5 1.99 4.0 1.21 12.0 -1.05 
4.8 2.05 4.5 1.32 16.0 - .96 
5.0 2.05 5.0 1.47 20.0 - .97 
5.2 2.05 5.5 1.49 20.5 - .98 
5.4 2.05 6.0 1.64 
(58°K) 5.6 2.05 8.0 1.73 15.1°K 
5.8 2.05 11.0 1.93 
6.0 2.05 12.0 1.92 1.0 - .15 
6.5 2.22 14.0 2.09 1.2 - .72 
7.0 2.14 16.0 2.15 1.5 -6.23 
8.0 2.11 18.0 2.15 2.0 -9.42 
10.0 2.20 20.0 2.13 2.5 -9.79 
12.0 2.34 20.5 2.08 3.0 -9.99 
14.0 2.35 4.0 -10.20 
Table 15. (Continued) 
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H (KG) Aû X 10% H (KG) X 10^ H (KG) àa X 10^ 
p P P 
4.5 -10.30 7.75 .69 64.9°K (152°K) 
5.0 -10.40 8.0 .68 
5.5 -10.51 8.5 .75 11.0 .34 
6.0 -10.55 11.0 - .01 12.0 .39 
7.0 -10.70 12.0 - .14 13.0 .51 
8.0 -10.80 13.0 - .23 13.5 .63 
11.0 -11.05 15.0 - .47 13.75 .74 
12.0 -11.15 17.0 - .79 14.0 .78 
16.0 -11.30 19.0 - .91 14.25 1.46 
20.0 -11.40 20.0 - .97 14.5 2.96 
20.5 -11.44 20.5 -1.01 14.75 3.19 
15.0 3.21 
22.6°% (55°K) 52.3°K (61°%) 15.25 3.24 
15.5 3.28 
1.0 - .32 8.5 .32 15.75 3.54 
2.0 - .36 9.0 .36 16.0 4.30 
3.0 - .52 9.5 .43 16.25 5.98 
4.0 -14.30 9.75 .46 16.5 6.22 
5.0 -14.89 10.0 .46 17.0 6.14 
6.0 -15.12 10.25 .50 17.5 5.97 
6.5 -15.15 10.5 .51 18.0 5.91 
7.0 -15.25 10.75 .55 19.0 5.78 
7.5 -15.35 11.0 .61 20.0 5.73 
8.0 -15.40 11.25 1.16 20.5 5.60 
11.0 -15.70 11.5 2.36 
12.0 -15.78 11.75 2.70 77.4°K (300°K) 
16.0 -15.97 12.0 2.73 
20.0 -16.10 12.5 2.83 10.0 .36 
20.5 -16.14 13.0 3.96 12.0 .50 
13.5 4.72 13.0 .59 
36.5°K (52°K) 14.0 4.74 14.0 .63 
14.5 4.67 15.0 .73 
3.0 .00 15.0 4.62 15.5 .77 
4.0 .01 16.0 4.47 16.0 .81 
5.0 .04 17.0 4.28 16.5 .90 
5.25 .04 17.5 4.25 17.0 .98 
5.5 .05 18.0 4.26 17.25 .99 
5.75 .06 18.5 4.20 17.5 1.07 
6.0 .08 19.0 4.10 17.75 1.30 
6.25 .09 19.5 4.02 18.0 2.02 
6.5 .10 20.0 3.97 18.25 3.31 
6.75 .12 20.5 3.85 18.5 3.40 
7.0 .14 18.75 3.36 
7.5 .21 19.0 3.39 
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Table 15. (Continued) 
H (KG) 4û X 10% 
P 
H (KG) ^ X 10% H (KG) àa X 10% p 
19.5 3.47 20.0 4.75 20.5 6.76 
19.75 4.23 20.25 6.72 
Table 16. Experimental data for longitudinal magnetoresistance of holmiur 
in < 1010 > direction as a function of temperature 
H (KG) X 10^ 
P 
H (KG) Aû X 10% 
P 
H (KG) ^ X 10^ 
P 
4.2°K (300°K) 4.8 1.19 .8 .27 
4.9 1.19 .9 .40 
.4 - .35 5.0 1.19 1.0 .47 
.5 - .33 5.1 1.19 1.1 .42 
.6 - .37 5.2 1.20 1.2 .40 
.65 - .38 5.3 1.21 1.5 .25 
.7 - .03 5.4 1.23 2.0 .24 
.75 .21 5.5 1.23 2.5 .16 
.8 .37 5.6 1.26 3.5 .26 
.85 .55 5.8 1.26 4.0 .26 
.9 .73 6.0 1.26 4.5 .24 
.95 .82 6.2 1.26 5.0 .24 
1.0 1.04 6.5 1.32 5.5 .19 
1.1 1.05 7.0 1.35 6.0 .23 
1.2 1.05 7.5 1.35 7.0 .26 
1.3 1.00 8.5 1.45 8.0 .28 
1.5 1.06 9.5 1.50 9.0 .31 
1.6 1.06 11.0 1.57 10.0 .39 
1.8 1.04 14.0 1.73 12.0 .45 
2.0 1.03 16.0 1.81 14.0 .60 
2.2 1.00 18.0 2.07 16.0 .70 
2.4 1.12 20.0 2.14 18.0 .79 
2.6 1.12 20.5 2.10 20.0 .91 
2.8 1.12 20,5 .93 
3.0 1.12 6.2°K (300°K) 
(85°K) 3.2 1.12 8.8°K 
3.4 1.12 .3 - .13 
3.8 1.12 .4 - .25 .3 - .03 
4.0 1.12 .5 - .25 .4 - .03 
4.2 1.15 .6 - .29 .5 - .06 
4.5 1.14 .7 .01 .6 - .08 
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Table 16. (Continued) 
H (KG) Ac X 10^ p H (KG) 4a X 10^ p H (KG) Aû X 10% P 
.7 - .51 15 °K (300°K) 4.0 -15.70 
.8 - .72 5.0 -15.85 
.9 - .98 .8 - .75 6.0 -15.95 
1.0 -1.10 .9 -2.13 7.0 -16.00 
1.1 - .120 1.0 -3.49 8.0 -16.05 
1.2 -1.30 1.1 -5.02 10.0 -16.15 
1.5 -1.50 1.2 -6.19 12.0 -16.25 
2.0 -1.54 1.3 -7.10 16.0 -16.55 
3.0 -1.55 1.5 -8.45 20.0 -16.80 
4.0 -1.57 1.7 -8.82 
4.5 -1.58 1.8 -8.99 31.3°K (300°K) 
4.75 -1.53 1.9 -8.99 
5.0 -1.55 2.0 -9.10 3.5 .00 
5.25 -1.54 2.2 -9.20 4.0 - .02 
6.0 -1.49 2.5 -9.32 4.5 - .06 
7.0 -1.48 • 3.0 -9.39 5.0 - .21 
8.0 -1.48 3.5 -9,43 5.2 - 1.80 
Sl.o -1.45 4.0 -9.50 5.4 - 4.78 
10.0 -1.40 4.5 -9.56 5.6 - 8.15 
12.0 -1.35 5.0 -9.62 5.8 -10.42 
14.0 -1.31 5.1 -9.62 6.0 -11.07 
16.0 -1.23 5.2 -9.67 6.3 -11.42 
18.0 -1.20 5.4 -9.73 6.5 -11.52 
20.0 -1.14 5.6 -9.76 7.0 -11.62 
20.5 -1.14 5.8 -9.76 8.0 -11.77 
(76°K) 
6.0 -9.79 9.0 -11.87 
9.4°K 6.3 -9.87 9.5 -11.93 
6.5 -9.89. 9.8 -11.96 
0.85 -2.13 7.0 -9.92 10.0 -11.97 
.y 
-2.34 8.0 -10.00 10.3 -11.97 
1.0 -2.68 9.0 -10.04 10.6 -11.98 
1.1 -2.96 . 10.0 -10.08 11.0 -11.98 
1.2 -3.15 12.0 -10.12 12.0 -12.16 
1.5 -3.28 14.0 -10.17 13.0 -12.20 
2.0 -3.41 16.0 -10.24 14.0 -12.28 
3.0 -3.50 18.0 -10.31 16.0 -12.43 
4.0 -3.54 20.0 -10.35 18.0 12.54 
5.0 -3.57 20.0 -12.68 
6.0 -3.59 23.9°K (70°K) 
8.0 -3.61 3?.9°K (55OK) 
10.0 -3.61 1.5 .05 
12.0 -3.61 2.0 - .03 4.5 .23 
15.0 -3.56 2.5 -5.20 5.0 .31 
18.0 -3.60 3.0 -14.45 6.0 .45 
20.0 -3.59 3.5 -15.56 6.5 .53 
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Table 16. (Continued) 
H (KG) Ac X 10^ p H (KG) 4û X 10^ P 
H (KG) 4£L X 10^ 
P 
7.0 .62 16.75 -2.07 69.5°K (135°K) 
7.5 .70 17.0 -2.05 
8.0 .67 17.5 -2.05 4.0 .05 
8.4 -2.05 18.0 -2.04 8.0 .23 
8.6 -3.56 19.0 -2.13 9.0 .24 
8.8 -4.63 20.0 -2.24 10.0 .30 
y .0 
-4.93 11.0 .36 
lu.o -5.25 60.6°K (140°K) 12.0 .43 
11.0 -5.39 12.5 .45 
12.0 -5.42 4.0 .06 13.0 .48 
12.5 -5.46 8.0 .24 13.5 .53 
13.0 -5.48 9.0 .24 14.0 .55 
13.5 -5.46 9.5 .24 14.5 .59 
14.0 -5.46 10.0 .24 15.0 .64 
15.0 -5.51 11.0 .32 15.5 .75 
16.0 -5.61 11.5 .33 15.75 .96 
18.0 -5.77 11.75 .34 16.0 2.31 
20.0 -6.01 12.0 .35 16.25 3.15 
(65°K) 
12.5 .37 16.5 3.35 
47.3°K 13.0 .46 17.0 3.61 
13.5 .83 17.25 5.01 
8.0 .20 13.75 1.69 17.5 5.80 
y.o .11 14.0 2.96 17.75 5.91 
y.5 .13 14.5 3.35 18.0 5.98 
10.0 .14 15.0 5.05 18.5 6.05 
10.5 .26 15.25 5.13 19.0 6.07 
11.0 2,27 15.5 5.16 19.5 6.14 
11.3 2.51 15.75 5.14 20.0 6.12 
11.5 2.65 16.0 5.15 20.5 6.15 
11.7 2.96 16.5 5.16 • 
11.8 2.92 17.0 5.17 77.3°K (300°K) 
11.9 2.85 17.5 5.22 
12.U 2.85 18.0 5.23 4.0 .07 
12.25 2 . 5 6  18.5 5.24 8.0 .21 
12.5 .94 19.0 5.17 10.0 .14 
12.75 -1.06 19.5 4.84 12.0 .48 
13.U -1.56 19.75 3.64 14.0 .68 
13.25 -1.77 20.0 3.13 15.0 .76 
13.5 -1.89 20.25 2.64 16.0 .87 
14.0 -1.93 20.5 2.36 17.0 .97 
14.5 -1.98 18.0 1.46 
15.0 -2.03 18.25 3.43 
16.0 -2.11 18.5 3.50 
16.5 -2.10 19.0 3.63 
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Table 16. (Continued) 
fi (KG) X 10" H (KG) ^ X 10^ H (KG) ^ x 10^ 
1J.25 3 . 7 5  U4.6°K (300°K) 17.0 .80 
3 . 9 0  18.0 .86 
l ; . 7 5  4.35 4.0 .03 19.0 1.01 
2..-.U 6.05 8.0 .19 20.0 1.65 
20.25 6.61 12.0 .44 20.25 3.26 
2 u . 5  6.66 16.0 .73 20.5 3.27 
